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It has been proposed that all strings and branes are contained in the non-linear realisation of
the Kac-Moody algebra E11 with the semi-direct product of its fundamental representation
l1, denoted E11 n l1. In the process of building the non-linear realisation, the dynamics of
strings and branes are naturally invariant under symmetries which are determined by the
relevant decomposition of the E11 algebra. At low levels, these dynamics are exactly those
of D dimensional maximal supergravity, constructed from the subgroup GL(D) ⊗ E11−D,
with the fields and coordinates of the theory appearing as parameters of the generators of
the algebra.
In this thesis, we first construct relevant decompositions of the E11 n l1 algebra. We
begin by extending previous calculations of the algebra of the 11D decomposition up to
levels 5 and 6 in the adjoint representation. We then calculate the algebra of the 7D
decomposition in the adjoint representation, vector representation, and Cartan involution
invariant subalgebra up to level 5. The final algebra that we calculate is the 10 dimensional
IIB Cartan involution invariant subalgebra up to level 4.
We then build a tangent space metric in the 11D, 5D, and 4D decompositions of the
E11 algebra, and additionally for the A+++1 algebra, which leads to a description of 4
dimensional gravity. These tangent space metrics are then used to build a set of gauge-
fixing conditions which allow gauge symmetries to be fixed in an E11 covariant way.
The final part of the thesis constructs the non-linear realisation in the 7 dimensional
decomposition of E11 at low levels, using the algebra derived in an earlier chapter. This
is then used to find a set of dynamical equations, which, when truncated, agree exactly
with the equations of motion for the graviton, the scalar, the one-form, and the two-form
in 7D maximal supergravity. Finally, we derive the duality relations of the scalar and the
graviton with their corresponding dual fields, from the duality relations of the 1-form and
2-form found in the previous section.
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The concept of gravity has intrigued and troubled physicists for centuries, yet it was not
until the 1600s that Newton, with the help of discussions with Hook, achieved the first
somewhat accurate description of gravity - commonly known as Newton’s law of Gravita-
tion. While the theory provided a much sought after theory of celestial motion, there were
some inconsistencies between the theory and observations discovered throughout the cen-
turies. Although some of these issues were resolved, there was still an unresolved problem
that persisted until the 1900s: the precession of the perihelion of Mercury’s orbit. The
answer was in Einstein’s classical theory of General Relativity developed at the beginning
of the 20th century, which postulated that the gravitational force was in fact an artefact
of the curvature of spacetime in the presence of mass, and that the presence of a curvature
in spacetime naturally impacts the motion of particles.
Parallel to research on gravity, progress was being made on the understanding of the other
three fundamental forces of nature. Classical electromagnetism was first correctly described
by Maxwell in 1865, by the well-known Maxwell’s equations, together with the equation
for the Lorentz force. This theory was quantised by Heisenberg and Pauli around 1930,
and is known as quantum electrodynamics. The weak force was described by Fermi in
1932, and was successfully unified with the electromagnetic force in 1967 by Weinberg and
Salam, in what we call the electroweak theory. Finally, the strong force was described by
Yukawa in 1935, and, with the electroweak force, is described by the Standard Model: a
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gauge quantum field theory with composite gauge group, SU(3) ⊗ SU(2) ⊗ U(1). The
Standard Model has been successfully observed, ending with the observation of the last of
the 17 Standard Model particles, the Higgs Boson, at the LHC in 2012.
With this unification of the other three forces, it is natural to attempt to include gravity,
and so the question of finding a quantum theory of Gravity was established. However,
in the process of quantising General Relativity, the resultant theory was found to be non-
renormalisable. In practical terms, this means that the infinities that arise in the scattering
amplitudes of the Feynman diagrams cannot be cancelled using the usual Quantum Field
Theory methods, which absorb infinities into parameters of a theory.
A popular solution (and generally considered to be the most likely) is supersymmetric
string theory, which essentially assumes that point particles are just different oscillations
of a string - a much more elegant solution than requiring at least 17 different types of fun-
damental particles. String theory indeed contains gravity and other gauge bosons which
look like those of the Standard Model (assuming that String theory reduces to a super-
symmetric Grand Unified Theory). Additionally, it concisely cancels the divergence of
quantum gravity effects, and therefore could be a suitable Quantum Gravity solution.
While there are five 10D superstring theories, Witten proposed in the 1990s that these
are all contained in an unique 11D theory, which he called M theory [1], proposing that
these 10D theories appear as certain limits of the 11 dimensional theory. However it is not
possible to provide a dynamical description of M theory, due to the difficulty of quantising
branes. Fortunately, maximal supergravity theories actually provide a low energy descrip-
tion of corresponding superstring theories. For example, 11D M theory, and the IIA and
IIB superstrings have low energy descriptions in 11D supergravity [2] and the maximally
symmetric IIA [3–5] and IIB [6–8] supergravity theories, respectively. With these effective
theories, it is possible to observe some of the features of superstrings and it is for these
string theories that we hope to find a more concise description.
We saw that Lie algebras occur in the Standard Model, and so the appearance of a Lie
algebra in the unified theory would not be surprising. In fact, Lie algebras additionally
arise in the maximal supergravities. In particular, the scalars of maximal supergravities
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Dimension Symmetry group Coset space
10D IIA O(1,1) —
10D IIB SL(2) SL(2)/SO(2)
9D GL(2) GL(2)/SO(2)
8D SL(2) ⊗ SL(3) (SL(2) ⊗ SL(3))/(SO(2) ⊗ SO(3))
7D SL(5) SL(5)/SO(5)




Table 1.1: Coset symmetries of scalars in maximal supergravity theories.
arise from coset spaces [9, 10]; the 2 dimensional maximal supergravity theory possess an
E9 symmetry [11, 12], the 3 dimensional maximal supergravity has an E8 symmetry [13],
the 4 dimensional theory contains an E7 symmetry [14,15], the dynamics of scalars in type
IIB supergravity have a SL(2, R)/SO(2) symmetry [7], and it was then established that in
dimensions less that 10, there was E11−D coset symmetry [9,16,17]. The coset symmetries
of the scalars of the maximal supergravity theories are given in table 1.1.
It was initially believed that these symmetries were simply a consequence of dimensional
reduction. In addition to these coset symmetries, it was found that the gravity sector of 11
dimensional supergravity arose from a non-linear realisation of the Lie group A10 [18]; in
this paper, it was shown that the bosonic sector of 11D and IIA supergravity can be found
from such a non-linear realisation. This indicated that if we were to find a symmetry group
of strings and branes, it must contain A10 and the symmetries in table 1.1 as subgroups [19].
After looking for the smallest Kac-Moody algebra with these subgroups, West proposed
the E11 conjecture [19,20], which we study in detail in this thesis. This conjecture will be
explained in the next section.
The remainder of this chapter contains the E11 conjecture, and some recent results. We
then explain some general properties of Lie algebras, and the process of non-linear realisa-
tion in the context of E theory, which shall be used throughout this thesis. Additionally,
the example of deriving gravity in D dimensions from the non-linear realisation shall be
given at the end of this chapter, to see the non-linear realisation in action. In chapter 2,
the algebra of E11 is computed in various decompositions for the 11D, 7D, and the 10D
IIB theories. In chapter 3, the tangent space metric and a gauge-fixing multiplet are found
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in 11D, 5D, 4D decompositions of E11, and the for Lie algebra A1+++, which leads to a
description of 4 dimensional gravity [21]. Finally, in chapter 4 the equations of motion cor-
responding to 7 dimensional supergravity are derived directly from E theory. The results
in chapter 2 through to 4 are based on published (or soon to be published) results of E
theory by the author [22–24].
1.2 E11 conjecture
In 2001, Peter West conjectured that the non-linear realisation of the Kac-Moody algebra
E11 leads to the low energy effective action of strings and branes [19]. At this time,
the spacetime was inserted into the theory by hand as a translation operator. However,
it was realised in 2003 that it actually corresponded to a generator appearing in the l1
representation of E11. The conjecture was then uplifted such that it now reads that the
non-linear realisation of E11 with the semi-direct product of its vector representation l1,
denoted E11nl1, contains all of strings and branes [20]. As mentioned, the spacetime arises
as parameters of the vector representation, and the fields of the theory, that depend on
the spacetime, appear from the adjoint representation of E11 in the non-linear realisation.
It is for this theory that we obtain more results. The conjecture was essentially proved
in 2016 [25], where the 11D and 5D equations of motions were computed from the E11
viewpoint, and so from now on in this thesis, we refer to the conjecture as ‘E theory’. We
next give some recent results with respect to E theory, to give an overview of the work
which has been completed up to this point.
1.2.1 Subsequent results from E theory
E11 is the very extended algebra of the finite dimensional semi-simple Lie algebra E8,
equivalently written E+++8 . To get to the Dynkin diagram of E11 from that of E8, one
adds nodes one by one to the longest ‘arm’ of the Dynkin diagram, each connected with
a single line. This process results in an infinite dimensional Kac-Moody algebra. The
Dynkin diagram of E11 is given in figure 1.1.
Chapter 1. Introduction 15
1 2 3 4 5 6 7 8 9 10
11
Figure 1.1: Dynkin diagram of E11, which is the very extended algebra
of the finite dimensional semi-simple Lie algebra, E+++8 .
The maximal supergravity theories arise by taking different decompositions of this E11
algebra [26–32]. The dimension of the theory directly corresponds to the number labelling
the deleted node for the Dynkin diagram in the 11D theory, 10D IIB theory, and also for
theories in less than 9 dimensions. To find the 9D theory, one deletes both node 9 and node
11, and for the 10D IIA theory, one deletes node 9 only. The labelling in our convention
is shown in figure 1.1, and the Dynkin diagram showing the deletion of node D is shown
in figure 1.2. The deletion of node D results in the subgroup GL(D) ⊗ E11−D, where the
GL(D) gives rise to gravity in the theory, and E11−D is the internal symmetry group of the
theory. The GL(D) part of the remaining subgroup corresponds to the Dynkin diagram
AD−1. Usually, AD−1 is the Dynkin diagram resulting in the SL(D) algebra. However,
when AD−1 is found as a result of the deletion of a node, as in this case, the resulting
algebra is in fact GL(D), rather than SL(D).
As a general property of Kac-Moody algebras, E11 has an infinite number of generators,
each of which is classified by a parameter we call level. Therefore, there are an infinite
number of corresponding fields in the adjoint representation and infinite number of cor-
responding coordinates in the l1 representation. Indeed, to get the correct results, it is
believed that there is some mechanism which allows one to truncate the theory to low
levels, although this mechanism is not yet known. This level at which the theory is trun-
cated depends on in which dimension we are working. However, this truncation is simply
a result of the fact that the higher level fields and coordinates are not yet well understood,
and could lead to some interesting new phenomena. It has been proposed that the infinite
tower of additional fields do not add anymore degrees of freedom. Some of the fields have
been found to be related by dualities to the lower level fields [33], and it is thought that
others are related to gauging of the theory.
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1 8 9 10
11
D
Figure 1.2: Dynkin diagram showing the deletion of node D, which gives
a description of maximal supergravity in D dimensions from an E11 per-
spective.
The equations of motion of supergravity in 11 and 5 dimensions were completely derived
from E theory in 2016 [25], and this essentially proved that it is correct. The calculation for
equations of motion in 11D from an E11 viewpoint were then published with more details
soon after [34]. The equations of motion for the form fields of maximal supergravity in 4
dimensions have been found [35], and the gravity sector is semi-complete, but is expected
to agree with known results once it is completed.
In 2016, it was found using E theory that there is an origin of a cosmological constant in
supergravity theories [36]. The origin turned out to be a higher level field in 11D, that
one truncates to find the maximal supergravity theory in 11D. This indicates that these
higher level fields are indeed important, and that truncating them at this time is simply a
result of the fact that they are not yet well understood. The cosmological constant does
not arise in 11D or IIB supergravity, but there is a unique 10D IIA theory containing
a cosmological constant, known as Roman’s theory [37]. In lower dimensions, there are
many theories containing a cosmological constant. It was found that the origin of the
cosmological constant in some of the theories was a result of dimensional reduction on a
sphere from the unique IIA theory. However, the origin of the cosmological constants in
the other theories was unknown up to this point, and would have been difficult to find
without E theory. It has also been shown that exceptional field theory is a truncation of
E theory [38].
In addition to this, there is progress being made with a dynamical description of branes
from the perspective of E theory. Due to branes being difficult to quantise, it has histor-
ically been problematic to derive their dynamics. It turns out that the l1 representation
of E11 contains all the brane charges, and in recent papers, the dynamics of M2 and M5
branes in 11D, branes in 8D, in 7D, and the D3 brane in IIB string theory, and finally the
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IIA and IIB strings have been constructed [39,40].
Now we have an idea about the history of E theory and its success, we can give more
specific details of what exactly it means and how to apply it. We begin by giving an
overview of Kac-Moody algebras.
1.3 Kac-Moody algebras
For a more detailed review of Kac-Moody algebras in this context, the reader is directed
to chapter 16 in [41], which this section shall closely follow. We begin with a review of the
general features of Lie algebras; their algebra, Cartan matrix, and Dynkin diagram.
A Lie algebra G with rank r contains the generators
G = {Hi, Eα} , (1.3.1)
where α correspond to the roots of the algebra, which are vectors with r components, and
Hi, with i = 1, . . . , r, is the subalgebra of commuting generators
[Hi, Hj ] = 0 . (1.3.2)
The Eα are the remaining generators in the coset G/H, which are diagonalised by the
Cartan subalgebra
[Hi, Eα] = αiEα . (1.3.3)
We can always choose a basis for the root space, called the simple roots. Simple roots are
defined as positive roots which cannot be written as the sum of two positive roots, where
a positive root is one where the first non-zero element is positive. We denote this basis
αa , a = 1, . . . , r . (1.3.4)
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Recall that r is the rank of the algebra. This basis can then be used to define the Cartan





where (, ) is the usual scalar product.
Killing and Cartan recognised that a Cartan matrix of a Lie algebra has the following
properties
• Aab is negative or zero if a 6= b,
• Aab = 0⇔ Aba = 0,
• vaAabvb > 0 for any real vector va,
and we can see from equation (1.3.5) that Aaa = 2. However, we are interested specifically
in Kac-Moody algebras, so we choose to drop the final property of positive-definiteness,
and ask that the Cartan matrix is symmetrisable. Symmetrisable means that there must
exist an invertible diagonal matrix D and a symmetric matrix S, such that the Cartan
matrix can be written as DS. In fact, we will decompose the Kac-Moody algebra E11 in
terms of its Lie subalgebras, and so we are interested in studying the properties of these
Lie algebras, rather than the more general Kac-Moody algebras.
From the Cartan matrix, one can construct the unique Dynkin diagram of the algebra. A
Dynkin diagram is composed of r nodes, with node a and b being connected with AabAba
lines. Then there is an arrow on the line(s) in the direction of the shorter root, or no arrow
if the roots are the same length. Serre showed that the reverse is also possible; that if one
begins with a Dynkin diagram, then you can find the unique Cartan matrix, and from this,
derive the algebra. We now will outline the method of how to return to the algebra from
the Dynkin diagram.
To find the Cartan matrix Aab from the Dynkin diagram, where a, b = 1, . . . , r, we intro-
duce the Chevalley generators Ha, Ea, Fa, which are simply a rescaling of the generators,
depending on the new basis of simple roots. These generators, respectively, are the Cartan
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1 2
Figure 1.3: Dynkin diagram of the Lie algebra A2.
subalgebra generators, the generators corresponding to the simple roots, and the gener-
ators corresponding to the negative of the simple roots. The explicit definition of these
Chevalley generators is not given here but the reader is referred to chapter 16.1 in [41] if
they are interested. The Chevalley generators have the following commutators
[Ha, Hb] = 0 ,
[Ha, Eb] = AabEb ,
[Ha, Fb] =−AabFb ,
[Ea, Fb] = δabHa . (1.3.6)
The generators satisfy the Serre relations
[Ea, [Ea, . . . [Ea, Eb] . . .]] = 0 ,
[Fa, [Fa, . . . [Fa, Fb] . . .]] = 0 , (1.3.7)
with (1−Aab) factors of Ea and Fa, respectively. With these commutators and relations,
one can generate the whole Kac-Moody algebra. Let us illustrate with a simple example.






It contains the generators
H1 , H2 , E1 , E2 , F1 , F2 , [E1, E2] , [F1, F2] , (1.3.9)
and this is the complete list of generators of A2. We can see this is the case if we attempt
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to construct more generators from the multiple commutator; we find [E1, [E1, E2]] = 0 and
[F1, [F1, F2]] = 0, due to the Serre relation in equation (1.3.7) containing (1 − A12) = 2
factors of E1 and F1. If we try to build any other commutators, we discover that we only
find generators that have already been derived. Therefore, there are 8 generators in this
Lie algebra. This algebra turns out to be SU(3).
Since it is difficult to study Kac-Moody algebras, we are interested in studying a subclass
of these algebras, called Lorentzian algebras. Lorentzian Kac-Moody algebras can be
characterised by their Dynkin diagram upon deletion of a node. Their analysis is then
based on their decomposition with respect to the subalgebra corresponding to the remaining
Dynkin diagram after the deletion of a node [42]. They contain at least one node, which
upon deletion, has remaining connected components of the Dynkin diagram which must be
of finite type, and at most one affine type. We note here that the definition of the Cartan
matrix of an affine Lie algebra is that it must be positive semi-definite, and contain only one
zero eigenvalue. One may decompose the Lorentzian Kac-Moody algebra into generators of
the subalgebra, which correspond to this new ‘reduced’ Dynkin diagram - ‘reduced’ refers
to the fact that we have deleted a node. If the deletion of the node results in multiple
disconnected Dynkin diagrams, then the result is an algebra which is a direct product
of the algebras described by each of the Dynkin diagrams. With the reduced diagram,
the generators of the algebra are parametrised by an integer, l, which we shall refer to
as the level. The level of a generator corresponds to the number of times the generator
corresponding to the deleted node occurs in the multiple commutator of generators leading
to the relevant generator. We note that for the Kac-Moody algebra E11 the number of
generators of the reduced Dynkin diagram will be infinite. However, they can be built in a
useful manner level by level. The representation we recover in this process described above
will be be the adjoint representation, which shall be one of the two main representations
in which we are interested.
We now look at how to find other representations from a Dynkin diagram, more specifically
the fundamental representation.
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Figure 1.4: Diagram showing the deletion of node e in the enlarged E11
Dynkin diagram resulting in the vector representation of the algebra.
1.3.1 Representations of Kac-Moody algebras
As we shall be interested in the l1 (fundamental) representation of E11, we will discuss the
process of finding this representation from a Dynkin diagram. We begin by constructing
the ‘enlarged’ Dynkin diagram, which is done by connecting a new node e to a node in the
Dynkin diagram with a single line. In our case, we shall add the corresponding node to the
longest ‘arm’ of the E11 Dynkin diagram, which in our convention we label as node 1, as
shown in figure 1.4. We then delete this newly added node e and decompose the algebra in
terms of it, and apply the same analysis as above for Lorentzian algebras. In this way, we
create another parameter m representing the level corresponding to the extra deleted node
e. At level m = 0, we just find the adjoint representation, but at level m = 1, we find the
fundamental representation, which shall be denoted by l1. We note that the fundamental
representation l1 is a lowest weight representation of E11.
This completes the process of deriving the vector representation from a Dynkin diagram,
and so we now move on to introducing the Cartan involution, which shall help us to
construct a subgroup of E11.
1.3.2 Cartan involution
We now discuss a useful tool to enable us to build a subalgebra of a Kac-Moody algebra, G.
This subalgebra is called the Cartan involution subalgebra, denoted Ic(G), and we will use
this in the construction of the non-linear realisation. We define the action of the Cartan
involution Ic on the Chevalley generators by
Ic(Ea) =− Fa ,
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Ic(Fa) =− Ea ,
Ic(Ha) =−Ha , (1.3.10)
and it respects Lie brackets such that Ic([X,Y ]) = [Ic(X), Ic(Y )]. Note that it takes
positive root generators to negative root generators, and vice-versa. Hence, we find a
subalgebra of G, which is invariant under the action of the Cartan involution, is constructed
from the generators
Ea − Fa , (1.3.11)
and their multiple commutators. We note that for finite-dimensional semi-simple Lie
groups, the Cartan involution invariant subalgebra is just the maximal compact subal-
gebra.
This subalgebra shall be crucial in the construction of supergravity theories, including
(but not limited to) the tangent space metric and the equations of motion. This completes
the theory we need regarding Kac-Moody algebras. We now construct the algebra of E11
before introducing the theory of the non-linear realisation.
1.3.3 Algebra of E11 n l1
The general Dynkin diagram of E11 for the corresponding theory in D dimensions is given
in figure 1.2.
We denote the E11 and l1 generators by Rα and lA, respectively. The commutators of
E11 n l1 can in general be written
[Rα, Rβ] = fαβγR
γ , (1.3.12)
[Rα, lA] =− (Dα)ABlB , (1.3.13)
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where (Dα)AB is a matrix representation of the first fundamental representation of E11
which satisfies
[Dα, Dβ] = fαβγD
γ . (1.3.14)
The indices α, β, . . . denote the index structure of the generators of the adjoint represen-
tation, and the A,B, . . . denote the index structure of the generators of the fundamental
representation, and hence they run over the generators corresponding to the relevant rep-
resentation. Note that the Greek indices are underlined to differentiate from Greek indices
used in the 10D IIB decomposition of E11.
We note that the notion of the level is additive under the action of a commutator, so
a generator appearing in the result of a commutator of level m generator with level n
generator must be a level (m + n) generator. We shall derive this algebra corresponding
to the 11D decomposition of E11 at level 5 and 6, and also for the 7D decomposition up
to level 5 in chapter 2.
Additionally, commutators are preserved under the action of the Cartan involution, which




−Rα , if level = 0 ,
(−1)levelRα , if level 6= 0 ,
Ic(lA) =− J−1AB l̄
B , (1.3.15)
where Rα = R−α. The matrix JAB is a constant matrix, and usually just δAB. If it is
non-trivial, it shall be specified. We also see that the action of Cartan involution takes
the lowest weight representation l1 into a highest weight representation l̄1. As shown in
section 1.3.2, the Cartan involution invariant generators are
Sα =

Rα −Rα , if level = 0 ,
Rα + (−1)levelRα , if level 6= 0 .
(1.3.16)
It is useful to note here that the Cartan involution invariant subalgebra of GL(D) is SO(D).
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The commutators of this Cartan involution invariant subalgebra shall be derived for the
7D decomposition and the 10D IIB decomposition of E11 in chapter 2.
As we will need it in the derivation of the tangent space metric in chapter 3, we include
the algebra of the E11 generators with the l̄1 representation
[Rα, l̄A] = l̄
B(D̄α)B
A , (1.3.17)
where the matrices (D̄α)BA satisfy
[D̄α, D̄β] = fαβγD̄
γ . (1.3.18)
The l̄1 representation is a highest weight representation, which, when acted on with the
Cartan involution, becomes the l1 representation. We shall derive this algebra for the 11D,
5D, and 4D decomposition of E11, and for the A+++1 algebra, as we shall need it in the
derivation of the tangent space metric.
Note that we can find a relation of the matrix representations of E11 that appear in the
commutators with the highest and lowest weight representations. If we act on equation
(1.3.13) with the Cartan involution and use the action of the Cartan involution in (1.3.15)
and the commutator in (1.3.17), we find the relation
D̄α = (JD−αJ−1)T . (1.3.19)
This relation shall be useful when we verify that the definition of the tangent space metric
that we propose is indeed correct.
Now that we know the algebra of E11 and the action of the Cartan involution of E11,
we can finally introduce the non-linear realisation of a group, specifically in the case of
(E11 n l1)/(Ic(E11)).
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1.4 Non-linear realisation
In this section, we study the non-linear realisation of E11nl1 with the local subgroup being
the Cartan involution invariant subalgebra, as this is what we shall be interested in, but
the same steps can be taken for any group G with local subgroup H. For a more general
introduction of non-linear realisations, the reader is referred to chapter 13.2 of [41].
1.4.1 Non-linear realisation of E11 n l1
The non-linear realisation can be used in any theory where there is suspected to be spon-
taneous symmetry breaking. Goldstone’s theorem states that if the rigid symmetry group
G is spontaneously broken to subgroup H in a quantum field theory, then the theory con-
tains Dim(G) - Dim(H) massless particles, also called Goldstone particles [43, 44]. The
low energy effective theory of these particles is often described as a non-linear realisation
of group G with subgroup H [45,46]. In fact, the symmetries of the non-linear realisation
often completely determine the dynamics. It is this property that we hope to exploit - that
the dynamics constructed out of a non-linear realisation are intrinsically invariant under
the correct symmetries without any prior knowledge of the dynamics needed.
We now recall the non-linear realisation, specifically with respect to the algebra we are
interested in, E11 n l1. The non-linear realisation is constructed using the group element
g ∈ E11 n l1 with
g = glgE , (1.4.1)
where gl is the group element containing generators of the l1 representation of the E11
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The Rα represent the generators of the E11 algebra, and lA are the generators of the vector
representation of E11, as before. The Aα will turn out to be the fields of our theory, and
the zA are the generalised spacetime coordinates that the fields will depend on.
Then the non-linear realisation is, by definition, invariant under transformations
g → g0g , g0 ∈ E11 n l1 ,
g → gh , h ∈ Ic(E11) , (1.4.3)
where g0 represents a rigid transformation, and h is an element of the Cartan involution
invariant subalgebra Ic(E11), and is a local transformation.
These transformations in equation (1.4.3) can equivalently be written explicitly in terms
of gE and gl. The rigid transformation becomes
gl → g0glg−10 ,
gE → g0gE , (1.4.4)
and the local transformation is equivalent to
gE → gEh . (1.4.5)
Then the dynamics of the non-linear realisation are described by an action which is invari-
ant under these transformations. The Cartan form is constructed in the following way
V = g−1dg = VE + Vl , (1.4.6)
which we can split into terms containing the E11 generators and terms containing the l1
representation, or explicitly
VE = g−1E dgE = dz
ΠGΠ,αR
α ,
Vl = g−1E (g
−1
l dgl)gE = dz
ΠEΠ
AlA , (1.4.7)
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where EΠA = (eAαD
α
)Π
A will turn out to be the vielbein on the generalised spacetime,
with which one can transform tangent space indices into curved indices. We shall use the
GΠ,α, which we shall also call Cartan forms, in the derivation of the gauge-fixing conditions
in chapter 3, and additionally to find the equations of motion in the 7D decomposition of
the E11 algebra in chapter 4.
Both VE and Vl are invariant under the rigid transformations, and transform in the fol-
lowing way under the local transformations
VE → h−1VEh+ h−1dh ,
Vl → h−1Vlh . (1.4.8)
We note that the generalised vielbein transforms on its Π index under the rigid transfor-
mation and on its A index under the local transformation of (1.4.3)
EΠ
A → D(g0)ΠΛEΛBD(h)BA ,
(E−1)A
Π → D(h−1)AB(E−1)BΛD(g−10 )Λ
Π , (1.4.9)
and we can conclude that indeed EAΠ is a generalised vielbein on a spacetime which
possesses a tangent space, and that the tangent space group is Ic(E11). Now we look at
how to construct the tangent space metric of E11.
1.4.2 Tangent space metric
We have noted that the spacetime contained in E11 n l1 possesses a tangent space metric.
The tangent group will be Ic(E11), and so we introduce tangent space objects V A which
have the transformation
V A′lA = h
−1V AlAh , h ∈ Ic(E11) , (1.4.10)
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where h = 1 +aα(Rα−R−α) is the infinitesimal transformation. This transformation may
also be written explicitly as
V A′ = V BD(h)B
A = V A + V B(Dα −D−α)BAaα + . . . , (1.4.11)
where the . . . represent higher orders in aα.
We can now derive the tangent space metric that the theory possesses. Using the l1 and l̄1
representations, we can construct a map which is invariant under E11. We define the map
as
NA
B = (lA, l̄
B) , (1.4.12)
and being E11 invariant implies that
([Rα, lA], l̄
B) + (lA, [R
α, l̄B]) = 0 . (1.4.13)
If we insert the commutators given in equation (1.3.13) and (1.3.17), we find
DαN = ND̄α . (1.4.14)
We can then use the relation (1.3.19) to remove the D̄ matrix, and we additionally define
K ≡ N(J−1)T , (1.4.15)
to give
DαK = K(D−α)T . (1.4.16)
It turns out that the object K is the invariant metric in which we are interested. This is
the invariant metric that we will derive for 11D, 5D, and 4D decompositions of E11 and for
the A+++1 algebra. Let’s show this is in fact an E11 invariant metric. We can manipulate
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(1.4.16) in the following way to find a relation on the matrix K
Dα = ((Dα)T )T = (K−1(D−α)K)T
= KT (D−α)T (K−1)T = KTK−1DαK(K−1)T , (1.4.17)
so that we get
K(K−1)TDα = DαK(K−1)T . (1.4.18)
Then using Schur’s lemma, we find that
K = KT . (1.4.19)
We can insert this back into (1.4.16) to get
DαK = (D−αK)T . (1.4.20)
If we add ±D−αK = ±(DαK)T to this, we get
(Dα ±D−α)K = ±((Dα ±D−α)K)T , (1.4.21)
so we see that (Dα −D−α)K is some antisymmetric matrix, and we have that
(Dα −D−α)K +K(Dα −D−α)T = 0 . (1.4.22)
We saw in equation (1.4.11) that (Dα −D−α) is a Ic(E11) transformation, and hence we
realise that K is an invariant tensor of Ic(E11) and we have indeed found the invariant
metric.
We saw how the matter representation V A transforms as in equation (1.4.11), and using
this and equation (1.4.21), we can define the invariant quantity
∆ = V AKABV
B = V TKV . (1.4.23)
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It is this quantity that we shall derive in 11D, 5D, and 4D decompositions of E11 and
additionally for the A+++1 algebra in chapter 3 of this thesis, such that we can find the
metric KAB.
We note that if we take the tangent objects to be infinitesimal V A = dzΠEΠA, we can
write an invariant infinitesimal distance as
ds2 = dzΠgΠΛdzΛ , (1.4.24)
where gΠΛ = EΠAKABEΛB, which is a more general form of the well-known relation be-
tween a curved metric and the flatspace metric in general relativity, where EΠA is behaving
like the usual vielbein. We have seen that this is indeed a generalised vielbein, similar to
eµ
a. So we have found that the invariant tangent space metric is a more general form of
the well-known flatspace metric ηµν .
Now we have constructed the tangent space metric, we now see how to use it to construct
E11 invariant gauge fixing conditions.
1.4.3 Gauge fixing conditions
We can now use the invariant tangent space metric to build an E11 invariant set of equa-
tions, which are gauge fixing conditions. One may find the Cartan forms in terms of the
l1 representation, and hence in terms of the vielbein, using equations (1.3.13) and (1.4.7)
to find
−[VE , lA] = dxΠGΠ,α(Dα)ABlB = EAΛdEΛBlB . (1.4.25)











where we have flattened the first index on the Cartan form using the vielbein, in such a
way that the Cartan form is invariant under rigid transformations, and then transforms
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under local transformations as in equation (1.4.9).
We can then contract the first two indices with the invariant metric we found in the previous
section 1.4.2 to get
GC = KABGA,B
C , (1.4.27)
which transforms exactly as V A in equation (1.4.11). We can set this vector to zero, while
still preserving the symmetries under the local Ic(E11) transformation, and this gives a set
of gauge-fixing conditions. These gauge-fixing conditions can be used to reduce the number
of redundant degrees of freedom. We shall find the gauge fixing conditions in chapter 3 for
11D, 5D, and 4D decompositions of E11 and also for the A+++1 algebra.
This completes the theory we shall need for the results in this thesis. We shall now derive a
toy model of gravity in D dimensions as a non-linear realisation, in order to see the theory
described so far in practise.
1.5 A toy model: Gravity as a non-linear realisation
We do a simple example of deriving gravity as a non-linear realisation, which is done using
the group IGL(D) = GL(D) n TD. This follows closely chapter 13.2 in [41], but was first
done in 4D in [47], and then for general dimension D in [18]. As before, the TD is the
vector representation of GL(D), and its generators are the translation generators Pa. The







d − δadKcb ,
[Kab, Pc] =− δacPb . (1.5.1)
The action of the Cartan involution acts as
Ic(K
a
b) = −Kba , (1.5.2)
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and so the subalgebra is generated by
Sab = δaeK
e
b − δbeKea , (1.5.3)
which is the SO(D) algebra, corresponding to Euclidean gravity. As we will need it later,






The action of the Cartan involution on the vector representation takes it to l̄1 representation
Ic(Pa) = −P̄ a , (1.5.5)




In order to find the scalar product between representations, which will give us the tangent
space metric, we note the relation
([Kab, Pc], P̄
d) + (Pc, [K
a
b, P̄
d]) = 0 , (1.5.7)
which ensures the metric is invariant under SL(D). We find the scalar product to be Nab =
δba, and so the invariant metric is
Kab = δab , (1.5.8)
where the calligraphic font used here is simply to differentiate the metric from the Kab
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which results in the Cartan form
V = g−1dg = dxµeµa(Pa +Ga,bcKbc) , (1.5.10)
where eµa = (eh)µa transforms under local transformations on the a index, and under rigid
transformations on its µ index, and so corresponds to the a vielbein of the theory.






such that we find a gauge fixing condition
∂aha
c = 0 . (1.5.12)
With the aim of finding the Ricci scalar, we can decompose the GL(D) generator into a
generator of the Cartan involution invariant subgroup and its coset, given in equations
(1.5.3) and (1.5.4). The Cartan form from equation (1.5.10) is then
















det(e)(−DaSa,bb +DaSb,ab − Sa,acSb,bc + Sa,bcSb,ac
− 1
2









where the covariant derivative is
DaSb,cd = ∂aSb,cd +Qa,beSe,cd +Qa,ceSa,ed +Qa,deSa,ce , (1.5.15)
and one then finds the Ricci scalar, as shown in equation (1.5.14), using that gµν =
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eµ
aeν
bδab is the metric, and det(g) is its determinant. We note here that the choice
of coefficients in (1.5.14) has been made in order to make the action invariant under
diffeomorphisms. It is possible to build a unique action without needing to impose these
conditions if one includes the conformal group in the non-linear realisation [47]. It is
important to note that, while we have had to make a choice of coefficients in this case,
we shall see that this is not necessary for the non-linear realisation of E11 n l1. Indeed,
the coefficients are uniquely fixed in the equations of motion derived directly from the
non-linear realisation of E11 n l1 without needing to impose any additional conditions.
This completes the introduction to E theory. Now we can now begin to study E theory in




This chapter gives the derivation of the algebra of E11 n l1 in various dimensions. Firstly,
the algebra is derived for the adjoint representation at level 5 and 6 in 11 dimensions.
Then in a similar way to the 11D algebra, the 7 dimensional algebra shall be derived up
to level ±5 for the adjoint representation, then its l1 representation, the Cartan involution
invariant subalgebra, Ic(E11), and finally the coset algebra of the Ic(E11) algebra. Then
for the 10 dimensional IIB theory, the algebra that is invariant under the action of the
Cartan involution is derived, that is the Ic(E11) subalgebra, following the same derivation
as in the 7D case.
2.1 E11 algebra in 11 dimensions at higher levels
The results in this section are to be published [23]. The algebra in 11D was constructed
up to level 3 in [19,48], and the results of level 4 are to be published [23], but this algebra
up to level 4 has been given in appendix A for ease of reference. We begin by giving the
Dynkin diagram of E11 when decomposed into representations of GL(11) as shown in figure
2.1.
We obtain the relevant algebra GL(11) from the E11 Dynkin diagram, by deleting node
11. The low level generators of E11 were computed initially by hand in the early studies
of E11 [19,48], and are given to level 8 in [41], but as a check, one can use the programme
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Figure 2.1: Dynkin diagram of E11 when decomposed into the algebra
resulting in the 11 dimensional maximal supergravity.































; . . . , (2.1.1)
where a1, . . . , b1, . . . = 1, . . . , 11. The semi-colon between certain generators represents an
increase in level. The numerical subscripts in orange provide a labelling of the generators;
the first subscript denotes the level while the second is a labelling of the generators at a
given level. Up to level three there is only one generator at every level and so for these we
do not need the second subscript. The orange subscripts were introduced primarily to keep
track of generators at level 5 and 6, due to the large number of them, but were extended
in this section to low levels in order to keep consistent notation. The blocks of indices are
totally antisymmetric except when round brackets are given around a block of indices and
then the indices in that block are symmetric.
For completeness, the negative level generators are
R−1a1a2a3 ; R−2a1...a6 ; R−3a1...a8,b ;
R−41a1...a11,b , R−42a1...a10,(b1b2) , R−43a1...a9,b1b2b3 ;


















a , R−67a1...a4,b1b2b3 , R−68
b1...b5,c
a1a2
; . . . , (2.1.2)
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where the indices again run from 1 to 11.
Usually in the 11D decomposition, a generator at level l has 3l upper indices. However,
using the epsilon symbol to lower indices on a generator, resulting in the Hodge dual of
the generator, means this correspondence between the number of indices on a generator
and its level no longer holds. A result of this is that we can no longer determine the
level of a generator given just its number of indices; one can see, for example, that the
R62a1a2a3,b has exactly the same index structure as R−52a1a2a3,b. While for our purposes in
the derivation of the algebra, the specific generator we are referring to should be clear, it
would be problematic to distinguish between the two generators during a derivation of the
equations of motion, for example. We use these Hodge duals in cases where the number of
indices in an antisymmetric block on the relevant generator would be be reduced, and hence
the total number of up plus down indices would be reduced. For example, the R53a1...a4,bc
generator is the Hodge dual of the generator R5310,4,1, where the numbers separated by








This was done in order to reduce the computing power needed to derive the following com-
mutators, but it is trivial to reinstate the usual generators, using the relation in equation
(2.1.3) and analogous relations for other generators.
Now we know which generators appear up to level 6, we begin the derivation of the algebra
up to this level.
2.1.1 Low level example the algebra derivation
Before beginning the derivation of the level 5 and 6 algebra, we shall do some examples at
lower level, in order to describe our process of derivation. We begin by giving the algebra
of the generators of the GL(11) algebra Kab where a, b, . . . = 1, . . . , 11 and they satisfy the








d − δadKbc . (2.1.4)
The remaining generators are chosen, by construction, to be irreducible representations
of SL(11), and as a result, they satisfy constraints. The generators at level one and
two do not require additional constraints while the generator at level three obeys the
constraint R[a1...a8,b] = 0. The constraints for the higher level generators are given in
tables 2.1, 2.2, and 2.3. Constraints can be found by first calculating what we have called
the ‘naive’ dimension, which is the dimension which follows from their index structure
when no constraints are applied. The actual dimension can be calculated in 3 ways:
from the Young Tableaux, by using the programme SimpLie [49], or using an extension to
Mathematica called ‘LieArt’ [50]. The difference of these two ‘dimensions’ gives the number
of constraints and this was used to check that the proposed constraints were indeed correct
in the derivation.
Since the generators are representations of SL(11), their commutators with Kab are deter-
mined. For example, at level one we find that
[Kbd, R1




while at level minus one we have that
[Kbd, R−1a1a2a3 ] = −3δb[a1|R−1d|a2a3] . (2.1.6)
The higher level commutators with the SL(11) generator follow the same pattern in the
way these generators act on upper and lower indices on the generator. The commutators
up to level 4 are given in the appendix A, and level 5 and 6 will be given in the following.





is readily computed from the commutators. The remaining generators are part of SL(11),
as we would like.
Our process of the derivation of the higher level algebra is as follows. Given two generators
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we used the LieArt extension [50] to Mathematica to compute the SL(11) representations
that could occur in their commutator. This extension simply takes the tensor product
of their representations and gives equivalent irreducible representations. We then discard
generators that do not occur in E11 at the required level and finally use the constraints and
Jacobi identities to fix the coefficients of the generators that occur. Of course, one could
alternatively write all possible generators and terms at the relevant level without using the
representation theory of the tensor product of two generators, and then use constraints
and Jacobi relations to find the result of the commutators. However, we shall see that
there are a large number of generators appearing in the result of the commutators, and
that calculating the representations first, allows the derivation to be much more tractable.
We now begin a simple example of deriving a lower level commutator, which is known, by
first looking at the representations that may appear in a commutator.
For example, let us consider the commutator of the level one generator with itself, where
the result must contain level 2 generators, as we mentioned that the level is additive under
the action of a commutator. The list of possible irreducible SL(11) representations that
can arise in the tensor product of the level 1 generator with itself are given by
{R1a1a2a3} ⊗ {R1b1b2b3} = 165⊗ 165
= 462⊕ 4620⊕ 9075⊕ 13068 . (2.1.7)
where the curly brackets around the generators represent the full set of the possible indices
on the level 1 generator, which has dimension 165. Since we are interested in the represen-
tations which occur at level 2 in the 11D decomposition of E11, we note that the dimension
of the level 2 generator, R2a1...a6 , is 462, which we have suggestively written in bold font
in equation (2.1.7). In what follows, the representations in bold shall correspond to the
generators in E11 at the relevant level. Since the commutator transforms in the tensor
product of the representations, we can use the result of the tensor product to discover
which generators occur in the result of a commutator. In this example, we can see then
that the level 2 generator does indeed occur in the commutator of the level 1 generator
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Generator Dimension Naive dimension Number of constraints Constraints
R41
a1...a11,b 11 11 0 −
R42
a1...a10,(b1b2) 715 726 11 R42
[a1...a10,b1]b2 = 0
R43





Table 2.1: Level 4 generators of E11 with the dimension of the generator
with constraints, dimension without constraints, number of constraints, and
the equations giving the constraints.
with itself. So we have found that the commutator of the level 1 generator with itself is
[R1
a1a2a3 , R1
b1b2b3 ] = 2R2
a1a2a3b1b2b3 . (2.1.8)
The normalisation of the level two generators is fixed by the factor 2 in this equation. The
normalisation up to level 4 has been chosen in [26, 27]. In this case, there was no need to
use the Jacobi identity, so let’s do a more complicated example which requires its use.
We will consider the commutator of a level five generator with the level minus one gen-
erator which must result in generators of level 4. Using LieArt, we find that the SL(11)
representations that can occur in the tensor product of these two generators are
{R−1a1a2a3} ⊗ {R54
b1...b6
c1c2 } = 8470⊕ 45375⊕ 60984⊕ 98010⊕ 125840
⊕ 424710⊕ 495495⊕ 679536⊕ 1415700 . (2.1.9)
Again, the curly brackets represent the full set of these generators. In this case, the only
representation that actually occurs in the E11 algebra at the correct level is R43 as one
can see in table 2.1. We then write the general form of the generators which appear on
the right hand side, ensuring that the indices are antisymmetrised, or symmetrised, where
necessary. Recall that the generators at level three and above satisfy constraints as they
belong to irreducible representations of SL(11), and in particular the constraints satisfied
by the level five generator implies conditions for the right hand side of the commutator.
The generator R54b1...b6c1c2 satisfies the constraint R54
b1...b5d
cd = 0, as in table 2.2. Once the
right hand side of the commutators is written in such a way that constraints are satisfied,
we can finally use the Jacobi identities to find the explicit form of the commutator. In our
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example of level 5 with level -1, we may choose to use the Jacobi
[[R1, R−1], R43] + cyclic = 0 . (2.1.10)
The final result is given by
[R−1a1a2a3 , R54
b1...b6


















We see that the right hand side satisfies any symmetries, or antisymmetries of the gener-
ators in the commutator. This is the process that we follow for the derivation of each of
the commutators at level 5 and 6.
Now we have seen a simple example, we now begin the derivation by first giving the
representation theory of the tensor products involving the level 5 and 6 generators.
2.1.2 Representation theory of the commutators
We will now explicitly begin the construction the E11 algebra up to and including level
six. In what follows, we will find the constraints that the generators at levels 5 and 6
obey, and we will then find which generators can occur on the right hand side of the
commutators using the fact that they must appear in the tensor product of the generators
in the commutators. We will derive this first for level five, before calculating level 6.
We will need the representations at level 4, such that we know what may appear in the





The constraints for these generators are given in table 2.1. For each generator in this table,
we list its actual dimension, naive dimension, the number of constraints, and finally the
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explicit constraints. The constraints are just those required to ensure that the generators
are irreducible representations of SL(11).
Now we can begin to find the relevant commutators beginning at level 5. The generators









The constraints for these generators are given in table 2.2. Recall that we have used the
epsilon symbol to lower indices.
The tensor product of the level -1 generators with the level 5 generators can contain level
four generators with the following the SL(11) representations
{R−1a1a2a3} ⊗ {R51
b1...b4} = 11⊕ 594⊕ 8470⊕ 45375 ,
{R−1a1a2a3} ⊗ {R52
b1b2b3,c} = 11⊕ 594⊕ 715⊕ 8470⊕ 22880⊕ 212355 ,
{R−1a1a2a3} ⊗ {R53
b1...b4,c
d } = 594⊕ 715⊕ 8470⊕ 10296⊕ 22880⊕ 27720⊕ 45375
⊕ 125840⊕ 212355⊕ 5825⊕ 755040⊕ 3659040 ,
{R−1a1a2a3} ⊗ {R54
b1...b6
c1c2 } = 8470⊕ 45375⊕ 60984⊕ 98010⊕ 125840
⊕ 424710⊕ 495495⊕ 679536⊕ 1415700 . (2.1.14)
Recall that the notation we use is that the representations in bold are the representations
of E11 in which we are interested.
Generator Dimension Naive dimension Number of constraints Constraints
R51
a1a2a3a4 330 330 0 −
R52

















20328 25410 5082 R54
a1...a5c
bc = 0
Table 2.2: Level 5 generators of E11 with the dimension of the generator
with constraints, dimension without constraints, number of constraints, and
the equations giving the constraints.
Chapter 2. E11 Algebra 43
The tensor product of the generators at level 1 with those at level 4 result the following
SL(11) representations
{R1a1a2a3} ⊗ {R41b1...b11,c} = 330⊕ 1485 ,
{R1a1a2a3} ⊗ {R42b1...b10,(c1c2)} = 1485⊕ 2145⊕ 33033⊕ 81312 ,
{R1a1a2a3} ⊗ {R43b1...b9,c1c2c3} = 330⊕ 1485⊕ 4752⊕ 20328⊕ 33033
⊕ 57200⊕ 214500⊕ 440440⊕ 625482 . (2.1.15)
Finally, the tensor product of level 2 with level 3 gives the following SL(11) representations
{R2a1...a6} ⊗ {R3b1...b8,c} = 330⊕ 1485⊕ 4752⊕ 20328
⊕ 29040⊕ 33033⊕ 214500⊕ 509652 . (2.1.16)
Next, we carry out the same steps for the generators at level 6. The generators at level 6
are















Table 2.3 gives the constraints that these generators satisfy.
We now give the SL(11) representations that appear on the right hand side of the tensor
products of the generators. The tensor product of the generators of level -1 with those of
level 6 result in generators that belong to the following SL(11) representations
{R−1a1a2a3} ⊗ {R61b1...b4} = 330⊕ 4752⊕ 20328⊕ 29040 ,
{R−1a1a2a3} ⊗ {R62b1b2b3,c} = 4752⊕ 20328⊕ 25740⊕ 29040⊕ 70785⊕ 94380 ,
{R−1a1a2a3} ⊗ {R63
b
c1...c5} = 330⊕ 1485⊕ 4752⊕ 20328
⊕ 33033⊕ 214500⊕ 509652 ,
{R−1a1a2a3} ⊗ {R69
b
c1...c5} = 330⊕ 1485⊕ 4752⊕ 20328
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Generator Dimension Naive dimension Number of constraints Constraints
R61a1a2a3a4 330 330 0 −

























































Table 2.3: Level 6 generators of E11 with the dimension of the generator
with constraints, dimension without constraints, number of constraints, and
the equations giving the constraints.
⊕ 33033⊕ 214500⊕ 509652 ,
{R−1a1a2a3} ⊗ {R64
b
c1...c4,c} = 4752⊕ 20328⊕ 25740⊕ 29040⊕ 33033
⊕ 94380⊕ 214500⊕ 266805⊕ 330330
⊕ 509652⊕ 1520640⊕ 2401245 ,
{R−1a1a2a3} ⊗ {R65
b1...b5,c1c2} = 1485⊕ 2145⊕ 33033⊕ 81312
⊕ 214500⊕ 825825⊕ 3088800 ,
{R−1a1a2a3} ⊗ {R66
b
c1c2c3,d1d2} = 20328⊕ 29040⊕ 70785⊕ 84942
⊕ 94380⊕ 214500⊕ 509652⊕ 1520640
+ 2180178⊕ 2312310⊕ 2401245 ,
{R−1a1a2a3} ⊗ {R67
b1...b4,c1c2c3} = 330⊕ 1485⊕ 33033⊕ 57200
⊕ 440440⊕ 625482⊕ 3633630 ,
{R−1a1a2a3} ⊗ {R68
b1b2
c1...c5,c} = 4752⊕ 20328⊕ 25740⊕ 33033
⊕ 57200⊕ 214500⊕ 266805⊕ 509652
+ 625482⊕ 770770⊕ 1520640⊕ 2416128
⊕ 3303300⊕ 6936930⊕ 18687240 . (2.1.18)
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While the tensor product of the generators at level 5 with the generators of level 1 leads
to generators that belong to the following SL(11) representations
{R1a1a2a3} ⊗ {R51b1...b4} = 330⊕ 4752⊕ 20328⊕ 29040 ,
{R1a1a2a3} ⊗ {R52b1b2b3,c} = 4752⊕ 20328⊕ 25740
⊕ 29040⊕ 70785⊕ 94380 ,
{R1a1a2a3} ⊗ {R53b1...b4,cd } = 4752⊕ 20328⊕ 25740⊕ 29040
⊕ 33033⊕ 94380⊕ 214500⊕ 266805
⊕ 330330⊕ 509652⊕ 1520640⊕ 2401245 ,
{R1a1a2a3} ⊗ {R54b1...b6c1c2 } = 330⊕ 1210⊕ 1485⊕ 4752⊕ 33033
⊕ 57200⊕ 214500⊕ 62548⊕ 2416128 . (2.1.19)
So far we have found which generators appear in the tensor products of relevant generators.
As discussed above we can now write down all the possible terms on the right hand side of
the commutator with arbitrary coefficients and then require that the constraints satisfied by
the generators in the commutators are satisfied by the result of the commutator. Finally we
use the Jacobi identities to determine all the unknown coefficients and so find the explicit
form of the commutators. We begin with the level 5 commutators.
2.1.3 Algebra at level 5
Now we find the level 5 algebra. Recall that this is done by writing the most general form
of the right hand side of the commutator, using our knowledge of which representations
occur in the result of the commutator as we found in the previous section. Once we have
the general form, we apply constraints, and finally use relevant Jacobi identities to find
the following results.
First, we find the level -1 with level 5 commutators to be
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[R−1a1a2a3 , R51




































































































and we find the level 0 with level 5 commutators to be
[Kab, R51
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[Kab, R53
c1...c4,c
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and this completes the level 5 algebra. Level -5 commutators may be found using the
action of the Cartan involution as given in equation (1.3.15). We now give the level 6
commutators which we calculated.
2.1.4 Algebra at level 6
Here, we give the commutators of level 6 generators. We find the commutators of the level
-1 with level 6 generators to be


























































































































































































































































































































































The commutators of the level 0 generator with the level 6 generators are










































































































Finally, we calculate the level 5 with level 1 commutators to be
[R1
a1a2a3 , R51







































































































































































































































Similar to level 5, the negative level commutators may be found using the action of the
Cartan involution as given in equation (1.3.15), and we have completed the level 6 alge-
bra. We note that we have found commutators for level 5 and 6 with level ±1, but it is
easy to find the commutators with the higher level generators simply by using multiple
commutators.
In the introduction, it was mentioned that the supergravity theories occur at low level
(specifically, up to level 3 in 11D) from the E11 viewpoint, so one may ask why we have
calculated the higher level commutators. It was additionally mentioned that the reason for
the higher level fields appearing in E theory is not yet clear, but it is believed that they
are simply gauge choices, or that they actually are just dual fields to the known fields of
supergravity. It is with this in mind that the higher level commutators have been derived;
the author is hopeful that the commutators may be used to explore the possible reasons
for higher level generators appearing.
This completes the derivation of the level 5 and 6 algebra in the 11D decomposition of
E11. We now calculate the Cartan-Killing metric in 11D up to level 4.
2.1.5 Cartan-Killing metric
In this section we find the Cartan-Killing metric of E11 in 11 dimensions up to level 4,
which may be used to raise and lower indices in the 11D theory. In order to calculate
the metric, we begin by writing a general form of terms that may appear in the metric
which are compatible with SL(11), in a similar way as discussed in the derivation of the
level 5 and 6 algebra of the 11D decomposition of E11. During this process, we must
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check the representation theory of the metric and that the constraints are satisfied. Once
these properties were satisfied, the following invariant relation was applied to find the
Cartan-Killing metric
([Rα, Rβ], Rκ)− (Rα, [Rβ, Rκ]) = 0 , (2.1.27)
where the [, ] denote the usual commutators, the (, ) denote the action of the metric, and Rα
represents the generators of the adjoint representation of E11. We then use the constraints
of the generators and equation (2.1.27) to find the explicit form of the metric.













Then at level 1, we get
(R1




At level 2, we find the result
(R2




At level 3, we must apply constraints. Using these and (2.1.27), we find
(R3










. Finally, at level 4, after applying the constraints and
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1 2 3 4 5 6 7 8 9 10
11
Figure 2.2: Dynkin diagram of E11 corresponding to the 7 dimensional
maximal supergravity theory.
+ 7!× 37δ[a1...a8|[b1[c1...c8|[d1 δ
b2b3]|a9]
d2d3]|c9] , (2.1.32)
and we have found the Cartan-Killing metric up to level 4.
This completes the derivation of higher level algebra for the 11D decomposition of E11. In
the next section, we find the algebra of E11 in 7 dimensions up to level 5, beginning in the
same way as in this section.
2.2 E11 algebra in 7 dimensions
We now derive the algebra of E11 in 7 dimensions. The results of this section are to be
published [24]. The commutators of the positive level generators were given in [32]. These
commutators were used to derive the following algebra, beginning with the negative level
E11 generators. Then the known and the derived commutators will be used to find the
commutators with the l1 representation. Furthermore, we will then construct the Ic(E11)
algebra and the algebra of its coset, both for the adjoint representation and the algebra
of the adjoint representation with the l1 representation. The derivation is similar to the
derivation of the higher level 11 dimensional algebra. We begin by giving the generators
of the theory.
Deleting node seven in the E11 Dynkin diagram, we find the algebra GL(7) ⊗ SL(5). The
Dynkin diagram is shown in figure 2.2, where the cross on node 7 represents the fact that
this is the deleted node.
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Decomposing the E11 algebra into representations of this algebra, the generators of level




aMN ; Ra1a2M ; R
a1a2a3M ; Ra1...a4MN ; R
a1...a5M
N ,
Ra1...a4,b ; Ra1...a6MN,P , R
a1...a6 (MN) , Ra1...a5,bMN ; . . . , (2.2.1)
where the lower case indices represent the SL(7), such that a, b = 1, . . . , 7, and the upper
case indices are the SL(5) indices, where M,N = 1, . . . , 5. The indices surrounded by
round brackets are symmetric in their permutation. The indices in the remaining blocks
are totally antisymmetric (where a comma indicates a new antisymmetric block), and




RNN = 0 ;
∑
N
Ra1...a5NN = 0 , R
[a1...a4,b] = 0 ; Ra1...a6 [MN,P ] = 0 . (2.2.2)
Similarly, the negative level generators are
RaMN ; Ra1a2
M ; Ra1a2a3M ; Ra1...a4MN ; Ra1...a5M
N ,
Ra1...a4,b ; Ra1...a6
MN,P , Ra1...a6 (MN) , Ra1...a5,bMN ; . . . , (2.2.3)
where again the lower case indices represent the SL(7), such that a, b = 1, . . . , 7, and
the upper case indices are the SL(5) indices, where M,N = 1, . . . , 5. Additionally, the
generators satisfy analogous constraints to those given in equation (2.2.2).
The l1 generators when decomposed into SL(7) ⊗ SL(5) are given by
Pa ; Z
MN ; ZaM ; Z
a1a2M ; Za1a2a3MN ; Z
a1a2a3,b , Za1...a4 , Za1...a4MN ;
Za1...a5MN , Za1...a5(MN) , Za1...a5MN,P , Z
a1...a4,bMN ; . . . , (2.2.4)
where the SL(7) indices are a, b = 1, . . . , 7, and the SL(5) indices areM,N = 1, . . . , 5. The
generators can be given a level, which in 7 dimensions, is the number of up SL(7) indices
minus the number of down SL(7) indices for the adjoint representation. To find the level
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of the generators of the l1 representation, one must add 1 to the number of the up minus
down SL(7) indices, which then gives the level of a generator. The semi-colons between
the generators in equations (2.2.1), (2.2.3), and (2.2.4) represent an increase in this level.
Now we know the generators of the 7D algebra, we can derive the algebra beginning with
the commutators of the adjoint representation in 7D.
2.2.1 Adjoint representation







d − δadKcb , (2.2.5)







Q − δMQ RPN . (2.2.6)
We choose the remaining generators to be irreducible representations of SL(7) ⊗ SL(5)
and hence they satisfy the constraints in equation (2.2.2). Since the generators are rep-
resentations of SL(7) and SL(5), the commutators with the Kab and RMN generators are
determined. For example, we have at level 1
[Kab, R
cMN ] = δcbR
aMN , (2.2.7)
and at level -1, we have
[Kab, RcMN ] = −δacRbMN . (2.2.8)
The other level generators follow a similar pattern in terms of how the spacetime generator
acts on the upper and lower indices. Similar to the 11D case, the notion of level is additive
under the commutator, so that the sum of the levels of the generators in the commutator
is equivalent to the level of the generator appearing in the result of the commutator.
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d − δadKcb ,
[Kab, R
M
N ] = 0 ,
[Kab, R
















































































Q − δMQ Ra1...a5PN ,
[RMN , R
a1...a4,b] = 0 . (2.2.10)
We now begin calculating the higher level algebra up to level ±5. In addition, we also
calculate the Cartan involution invariant algebra, and the algebra of the remaining coset
generators. Similar to the 11D case, we can use the LieArt extension [50] to Mathematica
to check the representation of the tensor product of two generators. With this, we can see
which representations can occur in our E11 algebra at the correct level, and then write the
most general form of the commutator with the representations that we found to appear.
We then apply constraints of the generators in the commutator, which ensures that the
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constraints are satisfied in the result of the commutator. Lastly, we use Jacobi identities
to fix the coefficient of the generators to get the final result.
As an example, we find that tensor product of the level 1 generator with itself has the
following representations in SL(7)
{RaMN} ⊗ {RbPQ} = 21 + 28 . (2.2.11)
where the curly brackets represent the set of these generators in SL(7), which has dimen-
sion 7. The 21 corresponds to the level 2 generator Ra1a2M , and we can discard the 28
representation, as this is not a representation of E11 at the relevant level. In this equa-
tion, and what follows, we write the relevant E11 representations in bold, and discard the
remaining representations. In this example, it is not necessary to use the Jacobi to find
the coefficient, as it is chosen by normalisation. The normalisation was chosen to be [32]
[RaMN , RbPQ] = εMNPQRRabR . (2.2.12)
We notice that up to level 4, there is only one generator at each level, so the fact that
the level is additive under the action of the commutator suggests that we know what will
appear, but we may still use this process as a check. However, it is useful in the derivation
of the level 5 algebra, where there are two generators. For example, if we look at the
commutator of the level 2 with the level 3 generator, we find
{Ra1a2M} ⊗ {Ra3a4a5N} = 21 + 224 + 490 , (2.2.13)
and we find that we have both level 5 generators appearing in the commutator. Once we
know what appears, we write the general form of the commutator. We then apply any con-
straints from equation (2.2.2), before using the Jacobi to find the explicit coefficients. We
use the following Jacobi to find the coefficients of the commutator of the level 2 generator
with the level 3 generator
[[Ra1a2M , R
a3a4a5N ], Ra1PQ] + cyclic = 0 . (2.2.14)
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With this, we find that the commutator is
[Ra1a2M , R




With the process described above, we can derive the full algebra, which we have done up
to level 5. We begin giving the commutators which were already known.
In [32], the positive level commutators involving the level 1 generator were used to define
the higher level generators, and the rest of the positive level commutators were found using
the Jacobi identities. They are given by
[RaMN , RbPQ] = εMNPQRRabR ,






N ] = R
a1...a4
MN ,
[Ra1MN , Ra2a3a4P ] = εMNPQRRa1...a4QR ,
[Ra1a2M , R
















N ) =−RNM ,
Ic(R
aMN ) =−RaMN ,
Ic(R
a1a2
M ) = +Ra1a2
M
Ic(R
a1a2a3M ) =−Ra1a2a3M ,
Ic(R
a1...a4




N ) =−Ra1...a5MN ,
Ic(R
a1...a4,b) =−Ra1...a4,b . (2.2.17)
As a result the commutators of the negative level generators with themselves can be found
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from those above using the Cartan involution. We calculate that the negative level gener-
ators have the commutators
[RaMN , RbPQ] = εMNPQRRab
R ,
[RaMN , Rb1b2
P ] = δP[MRab1b2N ] ,
[Ra1a2
M , Ra3a4
N ] = Ra1...a4
MN ,
[Ra1MN , Ra2a3a4P ] = εMNPQRRa1...a4
QR ,
[Ra1a2
M , Ra3a4a5N ] = Ra1...a5N
M + 2δRNRa3a4a5[a1,a2] ,
[Ra1MN , Ra2...a5
PQ] =− 2δ[P[MRa1...a5N ]
Q] + δPQMNRa2...a5,a1 . (2.2.18)
We found the action of GL(7) on the negative level generators to be
[Kab, RcMN ] =− δacRbMN ,
[Kab, Rcd
M ] =− 2δa[cR|b|d]
M ,





N ] =− 5δa[a1|Rb|a2...a5]M
N ,
[Kab, Rc1...c4,d] =− 4δa[c1|Rb|c2c3c4],d − δ
a
dRc1c2c3c4,b . (2.2.19)
While we find the action of SL(5) on the negative level generators to be































[RMN , Ra1...a4,b] = 0 . (2.2.20)
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We calculate the level one with level minus one and minus two to be

















[Ra1a2M , RaPQ] = − εMPQRSδ[a1b R
a2]RS . (2.2.21)
The coefficients are fixed by taking arbitrary coefficients in these two equations and ap-
plying the Jacobi identity involving these generators, as done in the 11D case. Applying
the Cartan involution to equation (2.2.21) we also find that
[RaMN , Ra1a2
P ] = εMNPQRδa[a1Ra2]QR . (2.2.22)
Using the Jacobi identity, we find
[Ra1a2M , Rb1b2












For those involving level ±3 generators, we calculate the following






































We get the commutators with level ±4 generators to be





MN , RbPQ] = − 2εMNPQRδb[a1Ra2a3a4]R ,
[Ra1...a4MN , Rb1b2
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[Ra1...a4












MN , Rb1b2b3P ] = − 4!εMNPQRδb1b2b3[a1a2a3Ra4]PQ ,
[Ra1...a4MN , Rb1...b4

















Finally, the commutators at level ±5 we computed to be


















N |Q] − 4δNMδb[a1Ra2...a5]
PQ ,
[Ra1...a5MN , Rb1b2
P ] = 20δPNδ
[a1a2
b1b2
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[Ra1...a4,b, R
c1...c4








































Now we have completed the algebra of the adjoint representation in the 7D decomposition
of E11, we can use these results and Jacobis to find the algebra of the l1 representation.
2.2.2 l1 representation
We now calculate the commutators of the adjoint representation with the generators of the
l1 representation. We calculate the commutators of these generators with those of GL(7)
to be










































































While with the generators of SL(5), we find
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[RMN , Z





















Q − δMQ Zc1...c4PN ,
[RMN , Z
c1c2c3,d] = 0 ,
[RMN , Z
c1...c4 ] = 0 . (2.2.28)
The commutators of the level one E11 generator is used to define the normalisation of the
l1 generators such that we get the following result




[RaMN , ZPQ] =− εMNPQRZaR ,




[RaMN , Zb1b2P ] = εMNPRSZab1b2RS ,
[RaMN , Zb1b2b3PQ] = δ
MN
PQ (Z





Using the Jacobi identities, we find that the commutators of the level two E11 generators
with those of l1 are




















For the commutators with the level three E11 generators, we get




[Ra1a2a3M , ZPQ] =− 2εMPQRSZa1a2a3RS ,





b[a1a2,a3] − 6δMQ Za1a2a3b , (2.2.31)
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and at level four, we calculate











|N ] . (2.2.32)
At level five, we get the result





[Ra1...a4,b, Pc] = 8δ
[a1
c Z
a2a3a4],b + 8(δ[a1c Z
a2a3a4]b − δbcZa1...a4) . (2.2.33)
Using the Jacobi identities, we find the commutators of the level minus one generators
with those of the l1 representation to be
[RaMN , Pb] = 0 ,
[RaMN , Z





















































MN ) . (2.2.34)
We find the commutators of the level minus two generators to be given by
[Ra1a2
P , Pb] = 0 ,
[Ra1a2
P , ZRS ] = 0 ,
[Ra1a2







P , Zb1b2R] =− 2δb1b2a1a2Z
PR ,
[Ra1a2
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[Ra1a2



















and we calculate those at level minus three to be
[Ra1a2a3P , Pb] = 0 ,
[Ra1a2a3P , Z
RS ] = 0 ,
[Ra1a2a3P , Z
b
S ] = 0 ,
[Ra1a2a3M , Z






NP ] =− 3εMNPQRδb1b2b3a1a2a3Z
QR ,
[Ra1a2a3M , Z



























M ) . (2.2.36)
At level minus four, we calculate
[Ra1...a4
S1S2 , Pb] = 0 ,
[Ra1...a4
S1S2 , ZRS ] = 0 ,
[Ra1...a4
S1S2 , ZbS ] = 0 ,
[Ra1...a4
S1S2 , Zb1b2N ] = 0 ,
[Ra1...a4













S1S2 , Zb1b2b3,c] = 0 ,
[Ra1...a4
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Finally at level minus five, we find
[Ra1...a5R
S , Pb] = 0 ,
[Ra1...a5R
S , ZMN ] = 0 ,
[Ra1...a5R
S , ZbM ] = 0 ,
[Ra1...a5R
S , Zb1b2N ] = 0 ,
[Ra1...a5R
S , Zb1b2b3MN ] = 0 ,
[Ra1...a5M





S , Zb1...b4 ] = 0 ,
[Ra1...a5R
S , Zb1b2b3,c] = 0 ,
[Ra1...a4,b, Pc] = 0 ,
[Ra1...a4,b, Z
RS ] = 0 ,
[Ra1...a4,b, Z
c
S ] = 0 ,
[Ra1...a4,b, Z
b1b2N ] = 0 ,
[Ra1...a4,b, Z
b1b2b3
MN ] = 0 ,
[Ra1...a4,b, Z
c1...c4M
N ] = 0 ,
[Ra1...a4,b, Z


















We have calculated the algebra of the adjoint and fundamental representation of GL(7) ⊗
SL(5), we can now use these results to derive the algebra of the Cartan involution invariant
subalgebra.
2.2.3 Ic(E11) subalgebra
In this section, we derive the Cartan involution invariant subalgebra Ic(E11). At level 0,
this is SO(7) ⊗ SO(5). The Cartan involution invariant generators can be found from the
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Sa1...a4,b = Ra1...a4,b −Ra1...a4,b . (2.2.39)
The following commutators are found by simply inserting the commutators of the adjoint
representation, as found in the previous sections.
Let’s show this with a simple example. If we want to find the commutator of the level 1
generator with itself, we have
[SaMN , SbPQ] = [RaMN −RaMN , RbPQ −RbPQ]
= [RaMN , RbPQ]− [RaMN , RbPQ]
− [RaMN , RbPQ] + [RaMN , RbPQ] , (2.2.40)
and if we then insert the relevant commutators found in the previous section, we get the
result




Q] − 2δMNPQ Jab . (2.2.41)
We use this process to derive the following commutators of the Cartan involution invariant














Q − δPMSNQ − δMQ SPN + δNQSPM ,
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[Jab, S
M
N ] = 0 . (2.2.42)
Then we find that the level zero Ic(E11) generators with the positive level subalgebra
generators are given by
[Jab, S
cMN ] = δcbS
aMN − δcaSbMN ,
[Jab, S
c1c2




M − 2δ[c1a S|b|c2]M ,
[Jab, S
c1c2c3M ] = 3δ
[c1
b S









P ] =− δMP SabN + δNP SabM ,
[SMN , S
a1a2a3P ] = δPNS
a1a2a3M − δPMSa1a2a3N . (2.2.43)
At positive level, we find that




Q] − 2δMNPQ Jab ,
[SaMN , Sb1b2P ] = δ
[M
P S
ab1b2N ] − εMNPQRδ[b1a Sb2]QR ,








N ] = S
a1a2b1b2
MN − 2δa1a2b1b2 S
M





b1b2b3N ] = Sa1a2b1b2b3NM − 12δ[b1b2a1a2 S
b3]MN ,
[Sa1a2a3M , Sb1b2b3N ] =− 4!δa1a2a3b1b2b3 S
M




The completes the algebra of the Cartan involution invariant subalgebra in the 7D decom-
position of E11 up to level 3 in the generators. We now calculate the commutators of the
l1 representation with the Cartan involution invariant subalgebra.
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2.2.4 Ic(E11) with the l1 representation
In this section, we give the commutators with the Ic(E11) generators with those of the l1
representation. At level zero, we calculated that
[Jab, Pc] =− δacPb + δbcPa ,
[Jab, Z
MN ] = 0 ,
[Jab, Z
c




M − δcaZbM ,
[Jab, Z
c1c2M ] = 2δ
[c1
b Z
|a|c2]M − 2δ[c1a Z |b|c2]M ,





|M |Q] − 2δ[PMZ
|N |Q] . (2.2.45)
We find the commutators of the level 1 Ic(E11) invariant subalgebra with the l1 represen-
tation to be




[SaMN , ZPQ] =− εMNPQRZaR − 2δPQMNPa ,















[SaMN , Zb1b2b3PQ] = δ
MN
PQ (Z








































MN ) . (2.2.46)
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We find that the commutators of the level 2 Ic(E11) subalgebra with those of the l1 repre-
sentation are





















































We calculate the commutators of the level 3 Ic(E11) algebra with those of l1 representation
to be




[Sa1a2a3M , ZPQ] =− 2εMPQRSZa1a2a3RS ,





b[a1a2,a3] − 6δMN Za1a2a3b ,
































M ) . (2.2.48)
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We calculate the commutators of the level 4 Ic(E11) algebra with those of l1 representation
to be



























b1b2b3,c] = 0 ,
[Sa1...a4S1S2 , Z
b1...b4R










Finally, for the generators at level 5, we derive the following commutators
[Sa1...a4,b, Pc] = 8δ
[a1
c Z
a2a3a4],b + 8(δ[a1c Z
a2a3a4]b − δbcZa1...a4) ,






b1...b4 ] = 0 ,
[Sa1...a5RS , Z
b1b2b3,c] = 0 ,
[Sa1...a5RS , Z
b1...b4M






















[Sa1...a4,b, Zb1...b4MN ] = 0 . (2.2.50)
This completes the algebra of the l1 representation with the Ic(E11) representation. We
can now find the remaining commutators which are those of the coset generators.
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2.2.5 Algebra of the coset of Ic(E11)
We now find the algebra of the remaining generators of E11, that is, the generators that
behave as Ic(T •) = −T • under the action of the Cartan involution. These generators are










T aMN = RaMN +RaMN ;
T a1a2M = R
a1a2
M −Ra1a2M ;
T a1a2a3M = Ra1a2a3M +Ra1a2a3M ;
T a1...a4MN = R
a1...a4
MN −Ra1...a4MN ;




T a1...a4,b = Ra1...a4,b +Ra1...a4,b . (2.2.51)
We now derive the algebra of these generators.






















Q − δMQ SPN − δNQSPM ,
[T ab, T
M
N ] = 0 . (2.2.52)
Then we calculated the level 0 Ic(E11) generators with the positive level generators to be
[T ab, T















c1c2c3M ] = 3δ
[c1
b S






a|M |Q] + 2δ
[P
MS
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and for the positive level coset generators with themselves we find











[T aMN , T b1b2P ] = δ
[M
P S
ab1b2N ] − εMNPQRδ[b1a Sb2]QR ,
[T aMN , T b1b2b3P ] =− 12δ[b1a δP[MS
b2b3]
N ] ,











[T a1a2M , T
b1b2b3N ] = 12δ[b1b2a1a2 S
b3]MN ,
[T a1a2a3M , T b1b2b3N ] =− 4!δa1a2a3b1b2b3 S
M




Finally, we look at the coset generators with the l1 representation. At level 0, we find
[T ab, Pc] =− δacPb − δbcPa + δabPc ,
[T ab, Z


















a1a2M ] = 2δ
[a1
b Z
|a|a2]M + 2δ[a1a Z
|b|a2]M + δabZ
a1a2M ,





|M |Q] + 2δ
[P
MZ



















We calculate the commutators of the level 1 coset generators with the l1 representation to
be




[T aMN , ZPQ] =− εMNPQRZaR + 2δPQMNPa ,
[T aMN , ZbP ] = 2δ
[M
P Z








N ] . (2.2.56)
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Then we found the commutators of the level 2 coset generators with the l1 representation
to be





[T a1a2M , Z




[T a1a2M , Z
b
N ] =− 2δMN δb[a1Pa2] ,
[T a1a2M , Z
b1b2N ] = 2δb1b2a1a2Z
MN . (2.2.57)
We calculate the commutators of the level 3 coset generators with the l1 representation to
be




[T a1a2a3M , ZNP ] = 0 ,
[T a1a2a3M , ZbN ] = 0 ,




Now we derive the commutators of the subalgebra generators with the coset generator.
Note that in the following we refer to Ic(E11) invariant generators as even, and the coset
generators as odd, due to their sign under the action of the Cartan involution.











a − δcaT bd − δadT cb ,
[Jab, T
M
N ] = 0 ,
[SMN , T
c











M − δPMTNQ − δMQ TPN . (2.2.59)
We calculated the level 0 even with the odd generators to be
[Jab, T
cMN ] = δcbT
aMN − δcaT bMN ,
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[Jab, T
cd




M − 2δ[ca T |b|d]M ,
[Jab, T
c1c2c3M ] = 3δ
[c1
b T









P ] =− δMP T abN + δNP T abM ,
[SMN , T
a1a2a3P ] = δPNT
a1a2a3M − δPMT a1a2a3N , (2.2.60)
and we found that the level 1 even generators with the odd generators are
[SaMN , T bc] =− δacT bMN − δabT cMN ,
[SaMN , TPQ] =− 2δ[MQ T
|a|P |N ] − 2δ[MP T
a|Q|N ] ,

















[SaMN , T b1b2P ] = δ
[M
P T
ab1b2N ] + εMNPQRδ[b1a T
b2]QR ,




N ] . (2.2.61)
For level 2 even generators with the odd generators, we get the result
[Sa1a2M , T
b














bNP ] =− δ[NM T






















b1b2b3N ] =− 12δ[b1b2a1a2 T
b3]MN . (2.2.62)
Finally, we find the level 3 even generators with the odd generators to be
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1 2 3 4 5 6 7 8 9 10
11
Figure 2.3: Dynkin diagram of E11 with deleted node 9 resulting in the
IIB maximal supergravity theory.
[Sa1a2a3M , T b1b2N ] =− 12δ[a1a2b1b2 T
a3]MN ,
[Sa1a2a3M , T b1b2b3N ] =− 4!δa1a2a3b1b2b3 T
M










T cc , (2.2.63)
and we are finished deriving the algebra of the 7D decomposition of E11.
We now derive the Cartan involution invariant subalgebra for 10D IIB decomposition of
E11.
2.3 10 dimensional IIB algebra
In this section, we give the Ic(E11) algebra of the 10 dimensional IIB theory. The algebra of
the IIB theory in the GL(10) ⊗ SL(2) adjoint representation was given in multiple papers
[26,27], but the full algebra including the l1 representation is given in the appendix of [51],
and here we use these commutators to derive the algebra in the Ic(E11) representation.
The algebra has been given in appendix B for ease of reference. The derivation is similar
to the derivation of the Ic(E11) algebra in the 7D decomposition of E11.
2.3.1 Ic(E11) subalgebra and its coset
The Dynkin diagram of E11 when decomposed into the GL(10) ⊗ SL(2) representation is
given in figure 2.3, where the cross denotes the deleted node 9.
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The positive level generators up to level 4, of the 10D IIB decomposition in the GL(10) ⊗
SL(2) representation are
Kab , Rαβ ; R
a1a2
α ; R
a1...a4 ; Ra1...a6α ; R
a1...a8
α1α2 , R
a1...a7,b ; . . . , (2.3.1)
where a, b, . . . = 1, . . . , 10 are the SL(10) indices, α, β, . . . = 1, 2 are the SL(2) indices,
and the blocks of lower case Latin indices are antisymmetric. The semi-colons between
generators represent a change in level. Then the negative level generators are




a1...a8 , Ra1...a7,b ; . . . , (2.3.2)
and similarly the a, b, . . . = 1, . . . , 10 are the SL(10) indices, α, β, . . . = 1, 2 are the SL(2)
indices, and the blocks of lower case Latin indices are antisymmetric. The action of the









α ) =−Rαa1a2 ,
Ic(R
a1...a4) = Ra1...a4 ,
Ic(R
a1...a6
α ) =−Rαa1...a6 ,
Ic(R
a1...a8




a1...a7,b) = Ra1...a7,b . (2.3.3)
Note that εαβ is an invariant tensor of SL(2) and has the properties εαβ = εαβ and ε12 = 1.











Sa1...a4 = Ra1...a4 +Ra1...a4 ,









Sa1...a7,b = Ra1...a7,b +Ra1...a7,b . (2.3.4)
Then the generators in the coset are given by generators which transform under the action
of the Cartan involution as Ic(T •) = −T •. We find these to be









T2 = R12 ,





T a1...a4 = Ra1...a4 −Ra1...a4 ,










T a1...a7,b = Ra1...a7,b −Ra1...a7,b . (2.3.5)
We shall refer to the generators in (2.3.4) as even generators, and those in (2.3.5) as odd
generators.
The generators that follow can simply be found by inserting the commutators of the GL(10)
⊗ SL(2) into the commutators of Ic(E11). Let’s give an example of the calculation for
commutator of the level 0 GL(10) generator with the level 1 generator. The relevant
commutators given in appendix B are
[Kab, R
a1,a2
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So in order to find the Cartan involution invariant subalgebra, we simply use the known
commutators in the following way
[Jab, S
a1a2
α ] = [K
a
b −Kba, Ra1a2α −Rαa1a2 ]
= [Kab, R
a1a2




a1a2 ] , (2.3.7)
and once we insert the commutators of (2.3.6), we find
[Jab, S
a1a2




α − 2δ[a1a S|b|a2]α . (2.3.8)
This process is used to find the commutators of the IIB Cartan involution invariant subal-
gebra and its coset up to level 4. We now give the commutators of the Cartan involution
invariant subalgebra.







d − δcaJbd − δadJcb + δbdJca ,
[Jab, S] = 0 , (2.3.9)
and the SO(10) generator acts on the Lorentz indices as expected
[Jab, S
a1a2




α − 2δ[a1a S|b|a2]α ,
[Jab, S
a1...a4 ] = 4δ
[a1
b S
|a|a2a3a4] − 4δ[a1a S|b|a2a3a4] ,
[Jab, S
a1...a6




α − 6δ[a1a S|b|a2...a6]α ,
[Jab, S
a1...a8















− 7δ[a1a S|b|a2...a7],c − δcaSa1...a7,b . (2.3.10)
We find the SO(2) generator S acts on the positive levels as
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[S, Sa1...a4 ] = 0 ,









[S, Sa1...a7,b] = 0 . (2.3.11)
Then we derived the algebra with the level 1 Cartan involution invariant generator to be
[Sa1a2α , S
b1b2








































We found the remaining commutators for the higher level even generators to be
[Sa1...a4 , Sb1...b4 ] =
8
3
Sa1...a4b1...,b4 − 96δ[a1a2a3[b1b2b3 J
a4]
b4] ,





[Sa1...a4 , Sb1...b8α1α2 ] = 0 ,




















































b1...b7,b] = 0 ,

























We now give the commutators of the even generators with the odd generators. These











a − δcaT bd − δadT cb ,
[Jab, T1] = 0 ,
[Jab, T2] = 0 ,
[Jab, T
a1a2




α − 2δ[a1a T |b|a2]α ,
[Jab, T
a1...a4 ] = 4δ
[a1
b T
|a|a2a3a4] − 4δ[a1a T |b|a2a3a4] ,
[Jab, T
a1...a6




α − 6δ[a1a T |b|a2...a6]α ,
[Jab, T
a1...a8















− 7δ[a1a T |b|a2...a7],c − δcaT a1...a7,b . (2.3.14)
While the commutators with level zero SO(2), we calculated to be
[S, T ab] = 0 ,
[S, T1] =− T2 ,
[S, T2] = T1 ,






[S, T a1...a4 ] = 0 ,




[S, T a1...a8α1α2 ] =−
1
2
(εα1βT a1...a8α2β + ε
α2βT a1...a8α1β ) ,
[S, T a1...a7,c] = 0 . (2.3.15)
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α − 2δ[a1a T |b|a2]α ,





















α(−εαβT1 + δαβT2) ,
[Sa1a2α , T






β ] =− T
a1a2b1...b5,b6
αβ − ε






















β ) . (2.3.16)
For the commutators of the even level 2 generators, we find
[Sa1...a4 , T ab] =− 4δ
[a1
b T
|a|a2a3a4] − 4δ[a1a T |b|a2a3a4] ,
[Sa1...a4 , T1] = 0 ,
[Sa1...a4 , T2] = 0 ,









[Sa1...a4 , T b1...b4 ] =
8
3
T a1...a4b1...,b4 + 96δ
[a1a2a3
[b1b2b3









[Sa1...a4 , T b1...b8αβ ] = 0 ,
[Sa1...a4 , T b1...b7,c] =− 7!
4
(δ[b1...b4a1...a4 T
b5b6b7]b − δ[b1...b4a1...a4 T
b5b6b7b]) . (2.3.17)







α − 6δ[a1a T |b|a2...a6]α ,
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[Sa1...a6α , T
b1b2
β ] = T
a1...a6b1b2
αβ − ε




















































] = 20160δ(β1β2)α1α2 δ
[a1...a7
[b1...b7










α2)T1 − δα2)β2)T2) ,
[Sa1...a8αβ , T
b1...b7,b] = 0 ,
[Sa1...a7,a, Tb1...b7,b] = 11340δ
a1...a7
b1...b7





























Finally, we give the commutators of the odd generators with themselves, beginning with







d − δbdJca + δcaJbd − δadJcb ,
[T ab, T1] = 0 ,
[T ab, T2] = 0 ,
[T1, T2] = S . (2.3.19)














a1...a4 ] = 4δ
[a1
b S
|a|a2a3a4] + 4δ[a1a S
|b|a2a3a4] ,
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[T ab, T
a1...a6


















































































a1...a7,b] = 0 . (2.3.21)
For the commutators with the level one coset generators, we find the result
[T a1a2α , T
b1b2








[T a1a2α , T






[T a1a2α , T
b1...b6



















[T a1a2α , T
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Finally, we found the commutators of the higher level odd generators to be












[T a1...a4 , T b1...b8α1α2 ] = 0 ,








[T a1...a6α , T
b1...b6









[T a1...a6α , T
b1...b8

















[T a1...a8α1α2 , T
b1...b8
β1β2








[T a1...a8αβ , T
b1...b7,b] = 0 ,
























This completes the algebra of the Ic(E11) algebra with itself and its coset. We now derive
the algebra of Ic(E11) with the l1 generators.
2.3.2 Ic(E11) with the l1 representation
We now give the algebra of the Ic(E11) with the l1 representation for the IIB theory. The




a1a2a3 ; Za1...a5α ; Z
a1...a7
αβ , Z
a1...a7 , Za1...a6,b . . . , (2.3.24)
where a, b, a1, . . . = 1, . . . , 10 are the SL(10) indices, α, β, . . . = 1, 2 are the SL(2) indices,
and the blocks of lower case Latin indices are antisymmetric. The action of the SO(10)
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generator acts in the usual way as we found







α − δcaZbα ,
[Jab, Z
a1a2a3 ] = 3δ
[a1|
b Z
a|a2a3] − 3δ[a1|a Zb|a2a3] ,
[Jab, Z
a1...a5 ] = 5δ
[a1|
b Z
a|a2...a5] − 5δ[a1|a Zb|a2...a5] ,
[Jab, Z
a1...a7










a1...a7 ] = 7δ
[a1|
b Z







− 6δ[a1|a Zb|a2...a7],c − δcaZa1...a6,b , (2.3.25)
and the SO(2) generator S






















[S,Za1...a7 ] = 0 ,
[S,Za1...a6,b] = 0 . (2.3.26)
We found the commutators of level one even generators with l1 to be







β] =− εαβZa1a2b + 4δαβ δb[a1Pa2] ,
[Sa1a2α , Z










− εαβZa1a2[b1...b4,b5] − 20δαβ δ[b1b2a1a2Z
b3b4b5] ,





















and we calculated the level two commutators to be




[Sa1...a4 , Zbβ] =− Z
a1...a4b
β ,
[Sa1...a4 , Zb1b2b3 ] = 2Za1...a4b1b2b3 +
3
5
Za1...a4[b1b2,b3] + 48δb1b2b3[a1a2a3Pa4] ,





[Sa1...a4 , Zb1...b7αβ ] = 0 ,
[Sa1...a4 , Zb1...b7 ] =− 5!δ[b1...b4a1...a4Z
b5b6b7] ,





At level three, we found






















































β ) . (2.3.29)
At level four, we found







γ ] = 0 ,
[Sa1...a8αβ , Z
b1b2b3 ] = 0 ,
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[Sa1...a8αβ , Z
b1...b5









b1...b7 ] = 0 ,
[Sa1...a8α1α2 , Z
b1...b6,b] = 0 ,





[Sa1...a7,b, Zcγ ] = 0 ,
[Sa1...a7,b, Zb1b2b3 ] = 0 ,
[Sa1...a7,b, Zb1...b5γ ] = 0 ,
[Sa1...a7,a, Zb1...b7α1α2 ] = 0 ,











Finally, we give the commutators of the odd generators with the l1 representation. We
found the generators at level 0 act as

















a1a2a3 ] = 3δ
[a1
b Z


































a1...a7 ] = 7δ
[a1
b Z
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[T1, Z

















a1...a7 ] = 0 ,
[T1, Z
a1...a6,b] = 0 ,























a1...a7 ] = 0 ,
[T2, Z
a1...a6,b] = 0 . (2.3.32)
Then we calculated the commutators with the level 1 odd generator to be





[T a1a2α , Z
b
β] =− εαβZa1a2b − 4δαβ δb[a1Pa2] ,
[T a1a2α , Z
b1b2b3 ] = Za1a2b1b2b3α − 6εαβδ[b1b2a1a2Z
b3]
β ,
[T a1a2α , Z
b1...b5




− εαβZa1a2[b1...b4,b5] + 20δαβ δ[b1b2a1a2Z
b3b4b5] ,









[T a1a2α , Z
b1...b7 ] =− 3εαβδ[b1b2a1a2Z
b3...b7]
β ,







At level 2, we found
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[T a1...a4 , Zbβ] =− Z
a1...a4b
β ,
[T a1...a4 , Zb1b2b3 ] = 2Za1...a4b1b2b3 +
3
5
Za1...a4[b1b2,b3] − 48δb1b2b3[a1a2a3Pa4] ,
[T a1...a4 , Zb1...b5α ] =− 5!δ[b1...b4a1...a4Z
b5]
α ,
[T a1...a4 , Zb1...b7αβ ] =0,
[T a1...a4 , Zb1...b7 ] =5!δ[b1...b4a1...a4Z
b5b6b7] ,






and finally, we found the level 3 commutators to be






















[T a1...a6α , Z
b1b2b3 ] = 0 ,




















[T a1...a6α , Z
b1...b7 ] = 270εαβδ[b1...b6a1...a6Z
b7]
β ,








β ) . (2.3.35)
Finally at level four, we find





[T a1...a8αβ , Z
b
γ ] = 0 ,
[T a1...a8αβ , Z
b1b2b3 ] = 0 ,
[T a1...a8αβ , Z
b1...b5
γ ] = 0 ,
[T a1...a8α1α2 , Z
b1...b7
β1β2




[T a1...a8α1α2 , Z
b1...b7 ] = 0 ,
[T a1...a8α1α2 , Z
b1...b6,b] = 0 ,





[T a1...a7,b, Zcγ ] = 0 ,
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[T a1...a7,b, Zb1b2b3 ] = 0 ,
[T a1...a7,b, Zb1...b5γ ] = 0 ,
[T a1...a7,a, Zb1...b7α1α2 ] = 0 ,











This completes the computation of the Ic(E11) of IIB up to level 4. These results are to
be published [23], but have subsequently been used to calculate the dynamics of branes
in [39].
This completes the chapter on the derivation of E11 algebra in various dimensions. In the
next chapter, we derive the gauge fixing multiplet in dimensions 11D, 5D, and 4D in E11,




We showed how to derive the tangent space metric in section 1.4.2, and then the gauge-
fixed multiplet in section 1.4.3 for a general decomposition of E11 n l1. In this chapter,
we shall carry out this calculation explicitly in 11D, 5D, 4D, and for the algebra A+++1 ,
which leads to a description of 4D gravity. The results of this chapter were published in
2018 [22].
Following the research of Tumanov and West [51], where the vielbeins were found for the
11D, 5D, 4D, and the algebra A+++1 , we calculate the explicit form of the tangent space
metric and the gauge-fixing multiplet in each of these cases.
3.1 11 dimensions
We shall repeat the 11D theory here from section 2.1, for ease of reference, but we choose
only to go up to level 3 in the generators as we will only require these. Recall that we
can find the generators of the 11 dimensional theory by deleting node 11 from the Dynkin
diagram as shown in figure 3.1.
1 2 3 4 5 6 7 8 9 10
11
Figure 3.1: Dynkin diagram of E11 which leads to the 11 dimensional
theory of maximal supergravity.
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We can then decompose the algebra of E11 n l1 in terms of the remaining GL(11) algebra.
Up to level 3, the generators are
Kab ; R
a1a2a3 ; Ra1...a6 ; Ra1...a8,b ; . . . , (3.1.1)
where a, b, . . . = 1, . . . , 11, and the semi-colons separate the generators by level. We also
give the negative level generators, up to level -3
Ra1a2a3 ; Ra1...a6 ; Ra1...a8,b ; . . . , (3.1.2)









a1...a8,b) =−Ra1...a8,b , (3.1.3)
and recall that the l1 representation, up to level 3, is
Pa ; Z
a1a2 ; Za1...a5 ; Za1...a8 , Za1...a7,b ; . . . , (3.1.4)
and again a, b, a1, . . . = 1, . . . , 11. The Cartan involution acts on the l1 representation to
give another representation. In fact, the l1 we use is the lowest representation and the
highest weight representation, denoted l̄1, is the result we get from acting on l1 with the
Cartan involution. The l̄1 representation is
P̄ a ; Z̄a1a2 ; Z̄a1...a5 ; Z̄a1...a8 , Z̄a1...a7,b ; . . . , (3.1.5)
with a, b, a1, . . . = 1, . . . , 11. The commutators of the adjoint representation with itself,
and the commutators of the adjoint representation with the fundamental representation
are given up to level 4 in Appendix A, but as mentioned, we only require up to level 3.
We shall use these commutators to derive the l̄1 commutators in the following way.
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The action of the Cartan involution on the l1 generators is
Ic(Pa) =− P̄ a ,
Ic(Z
a1a2) =− Z̄a1a2 ,
Ic(Z
a1...a5) =− Z̄a1...a5 ,
Ic(Z
a1...a8) =− Z̄a1...a8 ,
Ic(Z
a1...a7,b) =− Z̄a1...a7,b . (3.1.6)
We see that JAB from equation (1.3.15) is δAB in this case. The commutators of the l̄1
representation can be derived by acting on the l1 commutators given in appendix A with

























δab Z̄a1...a7,c . (3.1.7)
We find the commutators with the level 1 E11 generator are
[Ra1a2a3 , P̄ a] = 0 ,
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Finally, we derive the commutators with the negative level E11 generators to be
[Ra1a2a3 , P̄
a] =− 3δa[a1Z̄a2a3] ,
[Ra1a2a3 , Z̄a4a5 ] =− Z̄a1...a5 ,
[Ra1a2a3 , Z̄b1...b8 ] =− Z̄b1...b5a1a2a3 − Z̄b1...b5[a1a2,a3] ,
[Ra1...a6 , P̄
a] =− 3δa[a1Z̄a2...a6] ,












Now we have all the commutators that we require to find the tangent space metric, we
begin the derivation of the group element in 11D. Explicitly, the group element g = glgA
is written as










× exp(Aa1...a6Ra1...a6) exp(Aa1a2a3Ra1a2a3) . . . , (3.1.11)
where we have used the local Cartan involution subalgebra to set the negative level E11
generators to zero and the dots represent higher level generators in which we are not
interested. We find the parameters
xa ; xa1a2 ; xa1...a5 ; xa1...a8 , xa1...a7,b ; . . . , (3.1.12)
to be the coordinates of generalised space-time and the parameters
ha
b ; Aa1a2a3 ; Aa1...a6 ; Aa1...a8,b ; . . . , (3.1.13)
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to be the gauge fields, which depend on the space-time. Now that we have the relevant
algebra and group element, we can derive the tangent space metric.
3.1.1 Tangent space metric
The first step is to find the matter representation. From equation (1.4.10), we find that it
is
V A = (T a, Ta1a2 , Ta1...a5 , Ta1...a8 , Ta1...a7,b, . . .) . (3.1.14)
The local transformation group Ic(E11) at level zero is the local Lorentz transformation,
SO(11). At level 1, the local transformation is
h = 1− Λa1a2a3(Ra1a2a3 − ηa1b1ηa2b2ηa3b3Rb1b2b3) . (3.1.15)
Since all generators can be found from multiple commutators of the generators Ra1a2a3 and
Ra1a2a3 , we notice that if the dynamics are invariant under the transformation h (which
we see contains the level plus and minus one generators), then they are invariant under
all Ic(E11) transformations, as higher level generators can be constructed from multiple
commutators of the level ±1 generators.
Using equation (1.4.10), we find that the components of the matter representation must
transform under h in the following way
δT a = −6Λa1a2aTa1a2 ,
δTa1a2 = 3Λa1a2bT
b − 60Λb1b2b3Tb1b2b3a1a2 ,
δTa1...a5 = Λ[a1a2a3Ta4a5] + 42Λ
b1b2b3Tb1b2b3a1...a5 − 378Λb1b2b3Tb1b2b3[a1...a4,a5] ,
δTa1...a8 = −Λ[a1a2a3Ta4...a8] ,
δTa1...a7,b = T[a1...a5Λa6a7]b − T[a1...a5Λa6a7b] . (3.1.16)
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We now find the invariant metric in two ways and will see that they are equivalent. The first
method will use the definition of the invariant map NAB introduced in equation (1.4.12)
and then use the definition K = N(J−1)T to find the metric. In the second method, we
explicitly construct the metric by writing the most general form of the invariant object in
equation (1.4.23) and then applying the transformations in equation (3.1.16) to find the
coefficients which ensure invariance.
Firstly, we construct the invariant map NAB = (lA, l̄B). We find the first component is
Na
b = δba = (Pa, P̄
b) since Nab is invariant under SL(11) transformations. To find the level
2 component Na1a2b1b2 , we use the invariance of the scalar product
([Ra1a2a3 , Pb], Z̄c1c2) + (Pb, [R
a1a2a3 , Z̄c1c2 ]) = 0 , (3.1.17)




a2a3], Z̄c1c2)− 6δ[a1a2c1c2 (Pb, P̄
a3]) = 0 . (3.1.18)
We therefore get the result
Na1a2b1b2 = (Z








δba 0 0 0 0
0 2δa1a2b1b2 0 0 0
0 0 5!δa1...a5b1...b5 0 0
0 0 0 7!δa1...a8b1...b8 0











and δa1...anb1...bn = δ
[a1
b1
. . . δ
an]
bn
. The metric is then given by
K = N(J−1)T , and since in the eleven dimensional theory, we have JAB = δAB, we find
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the Ic(E11) invariant metric up to level 4 is
KAB =

ηab 0 0 0 0
0 2δa1a2,b1b2 0 0 0
0 0 5!δa1...a5,b1...b5 0 0
0 0 0 7!δa1...a8,b1...b8 0




where δa1...a7,a,b1...b7,b = δa1...a7,b1...b8δab − δa1...a7a,b1...b7b and δa1...an,b1...bn =
δ[a1|b1|δa2|b2| . . . δan]bn .
For the second method, we write down the most general metric containing the matter
representation components and use the transformations of equation (3.1.16) to find the
coefficients of the metric. We find the invariant quantity from equation (1.4.23) to be







T a1...a7,bTa1...a7,b + . . . , (3.1.22)
and we see that it agrees with the metric found in the first method. Using this metric, we
now find the gauge fixed multiplet in 11 dimensions.
3.1.2 Gauge fixing conditions
The generalised space-time derivatives, from equation (3.1.12) are
∂A = (∂a, ∂
a1a2 , ∂a1...a5 , ∂a1...a8 , ∂a1...a7,b, . . .) . (3.1.23)
Then we find the each component of equation (1.4.27) at first order in derivatives is
KABGA,B

























































































where δa1...an,b1...bn = δ[a1|b1|δa2|b2| . . . δan]bn . We note that (e
h)µ
a is the vielbein of the usual
spacetime and det e is its determinant.
If we choose to set GC = 0, we see that the first equation is the de Donder gauge fixing
condition. Similarly, the next equation is the gauge fixing condition for the three form
field, and so we have found a set of E11 invariant gauge fixing conditions.
This completes the calculation of the tangent space metric and gauge fixing conditions in
the 11D decomposition of E11. We now find the tangent space metric and gauge fixing
conditions in 5 dimensions.
3.2 5 dimensions
To find the five dimensional case, we delete node 5 from the E11 Dynkin diagram as shown
in figure 3.2 and decompose the E11 n l1 algebra into the remaining GL(5) ⊗ E6 algebra.
We choose to decompose it in terms of the tangent space group Ic(GL(5) ⊗ E6) = SO(5)
⊗ USp(8) as was first done in [17], and additionally in [25].
The generators in terms of the SO(5) ⊗ USp(8) representation are
Kab , R
α1α2 , Rα1...α4 ; Raα1α2 ; Ra1a2α1α2 ;
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1 2 3 4 5 6 7 8 9 10
11
Figure 3.2: Dynkin diagram of E11 which leads to the 5 dimensional
theory of maximal supergravity.
Ra1a2a3α1α2 , Ra1a2a3α1...α4 , Ra1a2,b ; . . . , (3.2.1)
where a, b, . . . = 1, . . . , 5 and α1, α2, . . . = 1, . . . , 8. The Rα1α2 and Rα1...α4 correspond
to the 36 adjoint representation and the 42 representation of USp(8), respectively, which
make the 78 representation of E6. Raα1α2 and Ra1a2α1α2 are the 27 and 2̄7-dimensional
representations of E6 respectively. Ωα1α2 is the USp(8) invariant antisymmetric metric,
which we use to raise and lower indices. Similar to the 11D case, the semi-colons represent
a change of level. The generators obey
Rα1α2 = R(α1α2) ,
Ra1a2a3α1α2 = Ra1a2a3(α1α2) ,
R[a1a2, b] = 0 . (3.2.2)
The indices on the remaining generators are antisymmetric and Ω is traceless.
The negative level generators of the E11 algebra, up to level -3, are
Raα1α2 ; Ra1a2
α1α2 ; Ra1a2a3α1α2 , Ra1a2a3α1...α4 , Ra1a2,b ; . . . , (3.2.3)
where a, b, . . . = 1, . . . , 5 and α1, α2, . . . = 1, . . . , 8 and with analogous constraints as in
equation (3.2.2).
Up to level 3, the l1 representation has the generators
Pa ; Zα1α2 ; Z
a
α1α2 ; Z
a1a2α1α2 , Za1a2α1...α4 , Zab , . . . , (3.2.4)
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where Za1a2α1α2 = Za1a2(α1α2) and there are no symmetries on the indices of Zab. Addi-
tionally, a, b, . . . = 1, . . . , 5 and α1, α2, . . . = 1, . . . , 8. Then the l̄1 representation has the
generators
P̄a ; Z̄α1α2 ; Z̄
a
α1α2 ; Z̄
a1a2α1α2 , Z̄a1a2α1...α4 , Z̄ab , . . . , (3.2.5)
where a, b, . . . = 1, . . . , 5 and α1, α2, . . . = 1, . . . , 8 and they satisfy analogous constraints
as those of the l1 representation.
The commutators of the generators are given in appendix C, except those with the l̄1
representation which we shall find here. The Cartan involution acts on the generators of









aα1α2) =− Ωα1β1Ωα2β2Raβ1β2 ,
Ic(Pc) =− P̄ c ,
Ic(Z
α1α2) =− Ωα1β1Ωα2β2Z̄β1β2 ,
Ic(Z
aα1α2) =− Ωα1β1Ωα2β2Z̄aβ1β2 . (3.2.6)
Note that in this case, the JAB of equation (1.3.15) is non-trivial.
















[R(α1α2), P̄ a] = 0 ,
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[Rα1...α4 , P̄ a] = 0 ,





























We find that the commutators of the positive level E11 generators with the l̄1 representation
are
[Raα1α2 , P̄ b] = 0 ,
































Finally, we derive the commutators of the l̄1 algebra with the negative level E11 generators
[Raα1α2 , P̄
b] =− δbaZ̄α1α2 ,
[Ra1a2α1α2 , P̄
b] = 2δb[a1Z̄a1]α1α2 ,







The group element g = glgA is














. . . . (3.2.10)
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We see that gl is parametrised by
xa ; xα1α2 ; xa
α1α2 ; . . . , (3.2.11)
which are the coordinates of the generalised space-time, and gA is parametrised by
ha
b , ϕα1α2 , ϕα1...α4 ; Aaα1α2 ; Aa1a2
α1α2 ; . . . , (3.2.12)
which are the fields living on the space-time and we have set the coefficients of the negative
level generators in the group element to zero using the local symmetry Ic(E11) as before.
Now we have the relevant algebra and the group element, we can now find the tangent
space metric in 5D.
3.2.1 Tangent space metric
The matter representation is given by
V A = (T a, Tα1α2 , Taα1α2 , . . .) . (3.2.13)
We want to find the metric which is invariant under the transformations of the subgroup
Ic(E11). At level zero, we have the local Lorentz transformations and USp(8). Then at
level one, the transformation is given by
h = 1− Λaα1α2(Raα1α2 − ηabΩα1β1Ωα2β2Rbβ1β2) . (3.2.14)
Again, we have that if the dynamics are invariant under the above h, they are invariant
under transformations at all levels of the Ic(E11) subalgebra.
Similar to the eleven dimensional case, we find the transformation of the matter represen-
tation components under Ic(E11) to be
δT a = −2Λaα1α2Tα1α2 ,














Then we find the tangent space metric which is invariant under these transformations to
be
∆ = KABV
AV B = T aTa + T
α1α2Tα1α2 − 2T aα1α2Taα1α2 + . . . , (3.2.16)











and we have calculated the tangent space metric in 5D. We now use this metric to find the
gauge fixing conditions.
3.2.2 Gauge fixing conditions
We find the space-time derivatives from the coordinates in equation (3.2.11) to be
∂A = (∂a, ∂
α1α2 , ∂aα1α2 , . . .) . (3.2.18)
Then we calculate in five dimensions equation (1.4.27) to be
KABGA,B



















KABGA,Bcκ1κ2 =− (det e)
1
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11
Figure 3.3: Dynkin diagram of E11 which leads to the 4 dimensional
theory of maximal supergravity.




ν2] is a vielbein with
respect to the USp(8) generator Rα1α2 , and det e is the determinant of the vielbein (eh).
We choose GC = 0 and still preserve the symmetries of the non-linear realisation and
we can see the result as a gauge fixing condition. Therefore, we have found gauge-fixing
conditions in 5D.
We now do the same derivation in 4 dimensions.
3.3 4 dimensions
In this section, we derive the tangent space metric, and gauge fixing conditions in the 4D
decomposition of E11. For the four dimensional theory, we delete node 4 from the E11
Dynkin diagram as shown in figure 3.3. We choose to work with GL(4) ⊗ SL(8) rather
than GL(4) ⊗ E7, but one can reconstruct the E7 representation if necessary.
We decompose the E11 n l1 algebra in terms of GL(4) ⊗ SL(8) to find the positive level




I1...I4 ; RaI1I2 , RaI1I2 ;
K̂ab , Ra1a2IJ , R
a1a2I1...I4 ; . . . , (3.3.1)





J , Ra1a2I1...I4 , . . . , (3.3.2)
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with a, b, . . . = 1, . . . , 4 and I, J, . . . = 1, . . . 8. All sets of similar indices are antisymmetric,
and there are no constraints.
The l1 representation is given by
Pa ; Z
I1I2 , ZI1I2 ; Z
a , ZaIJ , Z
aI1...I4 ; . . . , (3.3.3)
where a, b, . . . = 1, . . . , 4 and I, J, . . . = 1, . . . 8, and and the l̄1 representation is
P̄a ; Z̄
I1I2 , Z̄I1I2 ; Z̄
a , Z̄aIJ , Z̄
aI1...I4 ; . . . , (3.3.4)




b) = −Kba ,
Ic(R
I
J) = −RJ I ,
Ic(R





aI1I2) = − R̃aI1I2 ,
Ic(R
a
I1I2) = − R̃aI1I2 , (3.3.5)
and on the l1 representation as
Ic(Pc) = − P̄ c ,
Ic(Z
I1I2) = − Z̄J1J2 ,
Ic(ZI1I2) = − Z̄J1J2 ,
Ic(Z
c) = − Z̄c ,
Ic(Z
cI
J) = − Z̄cIJ ,
Ic(Z
aI1...I4) = − Z̄cI1...I4 . (3.3.6)
Again, JAB is trivial in this case.
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We then can use the commutators given in appendix D to find that the commutators of
the level zero E11 algebra with the l̄1 representation are
[Kba, P̄



















c] = 0 ,





I1I2 ] = 2δ
[I1
I Z̄




[RIJ , Z̄a] = 0 ,
[RI1...I4 , P̄ a] = 0 ,




[RI1...I4 , Z̄J1J2 ] =− 1
24
εI1...I4J1...J4ZJ3J4 ,
[RI1...I4 , Z̄a] = 0 . (3.3.7)
We calculate that the commutators of the level 1 E11 generators with the l1 generators are
[RaI1I2 , P̄ b] = 0 ,




[RaI1I2 , Z̄J1J2 ] = 0 ,
[RaI1I2 , P̄
b] = 0 ,
[RaI1I2 , Z̄J1J2 ] = 0 ,
[RaI1I2 , Z̄
J1J2 ] =− 2δJ1J2I1I2 P̄
a ,




[RaI1I2 , Z̄b] =− 2δab Z̄I1I2 . (3.3.8)
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We find that the commutators with the level -1 generators are
[R̃aI1I2 , P̄
b] =− δbaZ̄I1I2 ,
[R̃a
I1I2 , P̄ b] = δbaZ̄
I1I2 ,
[R̃a





J1J2 ] =− δJ1J2I1I2 Z̄a . (3.3.9)
We choose to work with the algebra which is invariant under the tangent space group
Ic(E11) as we did in the 5D case. At level zero, this algebra is SO(1, 3) ⊗ SU(8) =






J −KJ I ,
SI1...I4 =RI1...I4 − ?RI1...I4 ,
SaI1I2± =R
aI1I2 − R̃aI1I2 ± i(RaI1I2 + R̃aI1I2) ,
Sa1a2IJ = R
a1a2I
J − R̃a1a2J I ,
Sa1a2I1···I4 = Ra1a2I1···I4 + ?R̃a1a2
I1···I4 ,
Sab =K̂ab − ˜̂Kab , (3.3.10)
where the ? represents the dual ?RI1...I4 ≡ εI1...I4J1...J4RJ1...J4 .
The remaining coset generators in E11 are given by










T I1...I4 = RI1...I4 + ?RI1...I4 ,
T aI1I2± = R
aI1I2 + R̃aI1I2 ± i(RaI1I2 − R̃aI1I2) ,





T a1a2I1···I4 = Ra1a2I1···I4 − ?R̃a1a2I1···I4 ,
Sab = K̂ab +
˜̂
Kab . (3.3.11)
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The l1 representation decomposed into the SO(1,3) ⊗ SU(8) representation is
Pa ; Z±










J ; . . . , (3.3.12)
where
Z±


























The commutators of the E11 n l1 algebra when decomposed into representations of GL(4)
⊗ SU(8) can be found the appendix D. We then find the commutators of the Ic(E11)
generators SaI1I2± with the generators of the l1 representation to be
[Sa±





I1I2 , Z±J1J2 ] =− Z
aI1I2
















I1I2 , Zb] =∓ 2iδbaZ±I1I2 ,
[S±a


















































J + . . .) , (3.3.15)
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× exp (Aa1a2J IRa1a2IJ) exp (Aa1a2I1...I4Ra1a2I1...I4)
× exp (AaI1I2RaI2I2 +AaI1I2RaI1I2) , . . . , (3.3.16)
where gl is parametrised by
xa ; x±I1I2 ; x̂a , x
−
aI1...I4
, x+aI1...I4 , x
S
a I
J , xAa I
J . . . , (3.3.17)
which again are the coordinates of generalised space-time and gA is parametrised by the
fields living on the generalised space-time
ha
b , ϕI
J ; AaI1I2 , Aa
I1I2 ; ĥab , Aa1a2
I
J , Aa1a2I1...I4 , . . . . (3.3.18)
The local Ic(E11) symmetry has been used to set to zero all the coefficients of the nega-
tive level generators in the group element. Indices are raised and lowered with the delta
functions δab and δIJ for Lorentz indices and internal indices, respectively.
We now find the tangent space metric in 4 dimensions.
3.3.1 Tangent space metric
The matter representation is given by
V A = (T a, T±I1I2 , T̂a, T
+
aI1...I4
, T−aI1...I4 , T
S
a I
J , TAa I
J , . . .) . (3.3.19)
We want to find dynamics which are invariant under the level zero transformation which
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Under this transformation, we find the components of the matter representation transform
as




















































and we find the invariant quantity from equation (1.4.23) up to level 2 to be
∆ = KABV



















J + . . . . (3.3.22)
Hence, we find that the invariant metric is
KAB =
δab 0 0 0 0 0 0 0
0 0 4δI1I2,J1J2 0 0 0 0 0
0 4δI1I2,J1J2 0 0 0 0 0 0
0 0 0 4δab 0 0 0 0
0 0 0 0 24δabδI1...I4,J1...J4 0 0 0
0 0 0 0 0 24δabδI1...I4,J1...J4 0 0
0 0 0 0 0 0 4δabδIKδ
JL 0




We can now use this metric to derive the gauge fixing conditions in 4 dimensions.
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3.3.2 Gauge fixing conditions
The space-time derivatives with respect to the generalised space-time coordinates in equa-
tion (3.3.17) are
∂A = (∂a, ∂
I1I2
± , ∂̂
a, . . .) , (3.3.24)
and hence we find that GC componentwise is
KABGA,B
































































where detβ is the determinant of the two by two sub-matrix of the vielbein, composed only
of the components corresponding to the level two generalised coordinates, as defined in [51].
The derivatives ∂̂ represent the level 2 coordinates, with the hat notation differentiating it
from the usual spacetime coordinates. We again choose GC = 0 and see the result is a set
of gauge fixing conditions for E11 in 4 dimensions.
Lastly, we find the gauge fixed multiplet for the A+++1 Lie algebra, which is the algebra
from which one can find gravity in 4 dimensions in the non-linear realisation.
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1 2 3 4
Figure 3.4: Dynkin diagram of A+++1 which leads to a description of 4
dimensional gravity.
3.4 A+++1
Finally, we find the gauge fixed multiplet for the Lie algebra A+++1 , using the non-linear
realisation of A+++1 with its first fundamental representation, which is the Lie algebra
leading to a low energy effective action for 4-dimensional gravity. Its Dynkin diagram is
shown in 3.4 where node 4 has been deleted and we decompose the A+++1 n l1 algebra in
terms of the remaining GL(4) algebra. Up to level 2, the generators of A+++1 in the GL(4)
representation are
Kab ; R
ab ; Rab,cd ; . . . , (3.4.1)
with a, b, . . . = 1, . . . , 4, and which satisfy
Rab = R(ab) ,
Rab,cd = R[ab],(cd) . (3.4.2)
The negative level generators up to level -2 are
Rab ; Rab,cd ; . . . , (3.4.3)
and satisfy analogous conditions, and where a, b, . . . = 1, . . . , 4. Then the l1 representation
has the generators
Pa ; Z
a ; Zabc , Zab,c ; . . . , (3.4.4)
where a, b, . . . = 1, . . . , 4, and with the constraints
Zabc = Z(abc) , Zab,c = Z [ab],c , Z [ab,c] = 0 . (3.4.5)
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The l̄1 representation is
P̄a ; Z̄
a ; Z̄abc , Z̄ab,c ; . . . , (3.4.6)
where a, b, . . . = 1, . . . , 4, and with analogous constraints as in equation (3.4.5). The
commutators of the adjoint and fundamental representation generators are given in the






ab,cd) = Rab,cd , (3.4.7)
and on the l1 representation, resulting in the l̄1 representation, as
Ic(Pc) =− P̄ c ,
Ic(Z
c) =− Z̄c ,
Ic(Z
cde) =− Z̄cde ,
Ic(Z
cd,e) =− Z̄cd,e . (3.4.8)
Notice that JAB is once again trivial in this case. The using the commutators of the






















Then we find that the commutators with the positive level generators of GL(4) and l̄1 are
[Rab, P̄ c] = 0 ,
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cd Z̄e + δ
(ab)








de Z̄c − δ
(ab)
ce Z̄d) . (3.4.10)
Finally, we calculate the commutators with the level 1 generators of GL(4) and l̄1 to be
[Rab, P̄
c] =− δc(aZ̄b) ,
[Rab, Z̄
c] =− Z̄abc − Z̄c(a,b) ,
[Rab,cd, P̄
e] =− δe[aZ̄b]cd +
1
4
(δeaZ̄b(c,d) − δeb Z̄a(c,d))−
3
8
(δec Z̄ab,d + δ
e
aZ̄ab,c) . (3.4.11)
This completes the algebra that we need to calculate the tangent space metric. We can
now begin its construction.
The group element g = glgA is




ab,c) . . . , (3.4.12)
gA = exp (ha
bKab) exp (Aab,cdR
ab,cd) exp (AabR
ab) . . . , (3.4.13)
where gl is parametrised by the space-time coordinates
xa ; ya ; xabc , xab,c , (3.4.14)
and gA is parametrised by the fields living on the space-time
ha
b ; Aab ; Aab,cd . (3.4.15)
We now build the tangent space metric for A+++1 .
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3.4.1 Tangent space metric
We find that the Tangent object from equation (1.4.10) is then
V A = (T a, T̂a, Tabc, Tab,c, . . .) . (3.4.16)
The dynamics should be invariant under the Cartan Involution invariant subgroup. At
level zero, this is SO(4). To be invariant under all remaining generators of the subgroup,
it must be invariant under
h = 1− Λab(Rab − ηabηcdRcd) . (3.4.17)
We find that the components of the matter representation transform as
δT d =− 2ΛcdT̂c ,
δT̂d = ΛcdT




δTabc = Λ(abT̂c) ,
δTab,c = Λc[aT̂b] , (3.4.18)
under h, where indices are raised and lowered with the Kronecker delta, δab. Thus, we find
that the invariant quantity from equation (1.4.23) is
KABV






ab,c + . . . , (3.4.19)
and hence we find that the invariant metric is
KAB =

δab 0 0 0
0 2δab 0 0
0 0 4δabc,def 0
0 0 0 163 (δ
ab,deδcf − δabc,def )

. (3.4.20)
This ends the calculation of the tangent space metric for A+++1 . We finally can use these
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results to calculate gauge-fixing conditions which arise as an Ic(A+++1 ) invariant multiplet
in A+++1 .
3.4.2 Gauge fixing conditions
From equation (3.4.14), we see that the generalised space-time derivatives are given by
∂A = (∂a, ∂
â, ∂abc, ∂ab,c, . . .) , (3.4.21)
and we find that the multiplet GC of equation (1.4.27) componentwise is
KABGA,B






















































Setting GC = 0 gives us the gauge fixing conditions.
This completes the calculation of the gauge-fixing conditions in 11D, 5D, 4D, and for
A+++1 . In the next chapter, we study the 7D theory in more detail and find the equation
of motions of the 7D supergravity theory from an E11 viewpoint.
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Chapter 4
Equations of motion in 7 dimensions
In this chapter, we find the equations of motion in the 7 dimensional decomposition of
E11. The work is to be published [24]. Similar calculations have been done in 11D and
5D [25,34], and partially completed in 4D [35]. The chapter will follow a similar structure
to the derivation of the 11D equations of motion in [34]. We begin by calculating the
non-linear realisation in 7D.
4.1 Cartan forms
We derived the algebra of the 7D theory in section 2.2, and shall repeat the generators here
for ease of reference. Recall that deleting node 7 on the E11 Dynkin diagram, repeated in
figure 4.1, results in a GL(7) ⊗ SL(5) algebra.




aMN ; Ra1a2M ; R
a1a2a3M ; Ra1...a4MN ; R
a1...a5M
N ,
Ra1...a4,b ; Ra1...a6MN,P , R
a1...a6 (MN) , Ra1...a5,bMN ; . . . , (4.1.1)
1 2 3 4 5 6 7 8 9 10
11
Figure 4.1: Dynkin diagram of E11 corresponding to the 7 dimensional
maximal supergravity theory.
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where the lower case Latin indices correspond to SL(7), such that a, b, . . . = 1, . . . , 7, and
the upper case Latin indices correspond to SL(5), where M,N, . . . = 1, . . . , 5. Recall that
the indices surrounded by round brackets are symmetric in their permutation, and the




RNN = 0 ;
∑
N
Ra1...a5NN = 0 , R
[a1...a4,b] = 0 ; Ra1...a6 [MN,P ] = 0 . (4.1.2)
Similarly, the negative level generators are
RaMN ; Ra1a2
M ; Ra1a2a3M ; Ra1...a4MN ; Ra1...a5M
N ,
Ra1...a4,b ; Ra1...a6
MN,P , Ra1...a6 (MN) , Ra1...a5,bMN ; . . . , (4.1.3)
where a, b, a1, . . . = 1, . . . , 7, and M,N, . . . = 1, . . . , 5, and they satisfy analogous con-
straints as those given in equation (4.1.2).
Recall that the l1 generators when decomposed into SL(7) ⊗ SL(5) are
Pa ; Z
MN ; ZaM ; Z
a1a2M ; Za1a2a3MN ; Z
a1a2a3,b , Za1...a4 , Za1...a4MN ;
Za1...a5MN , Za1...a5(MN) , Za1...a5MN,P , Z
a1...a4,bMN ; . . . , (4.1.4)
with a, b, a1, . . . = 1, . . . , 7 and M,N, . . . = 1, . . . , 5.
We can now implement the non-linear realisation as described in section 1.4.1. We write
the group element of E11 n l1 as g = glgE where
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× exa1a2a3,bZa1a2a3,bexa1...a4Za1...a4exa1...a4MNZa1...a4MN + . . . . (4.1.6)
The parameters of gE are
ha
b , ϕM
N ; AaMN ; Aa1a2
M ; Aa1a2a3M ;
Aa1...a4
MN ; ha1...a4,b , ϕa1...a5M
N ; . . . , (4.1.7)
and will turn out to be the fields of the theory, and these will depend on the parameters
of gl, which are
xa ; xMN ; xa
M ; xa1a2M ; xa1a2a3
MN ;
xa1a2a3,b, , xa1...a4 , xa1...a4M
N ; . . . , (4.1.8)
and correspond to the generalised spacetime coordinates. In addition, we notice that we
have gauged away the negative level generators in our group element.
The Cartan form from equation (1.4.6) is then











a1...a5,bMN + . . . . (4.1.9)
The level 5 Cartan forms contain the dual graviton and the dual scalar. Notice that we
have truncated the Cartan form at level 6, ignoring level 7 and above, as this is all we will
need in this section.
We calculate the explicit form of the Cartan forms in terms of the fields of equation (4.1.5)





























Ṗ Q̇ṘṠṄ ) ,
Ga1...a4
MN = ea1














ṀṄ ]) . (4.1.10)
where eµa = (eh)µa and fṀ
M = (eϕ)Ṁ
M are the vielbeins corresponding to the graviton
and the scalar, respectively. The dots on the internal indices Ṁ, Ṅ represent the fact that
they are world indices, and M,N represent flat indices in the internal space. We only go
up to level 4 in the explicit forms of the Cartan forms as this is the up to the level we use
in the derivation of the equations of motion. For equations of motion of the higher level
fields, we do not use this explicit form, and instead find them from the transformations
of the equations of motion of the 1-form and 2-form. However, one may confirm that the
equations of motion are indeed correct, by use of the explicit forms at higher level.
We now want to find the transformations of these Cartan forms.
4.2 Transformations of the Cartan forms
We will now find the transformations of the Cartan forms under the local transformations
as in equation (1.4.3). Recall that these local transformations act on the Cartan forms as
in equation (1.4.8) and that they are inert under the rigid E11 n l1 transformations. The
local transformation h ∈ Ic(E11) at level ±1 in seven dimensions is
h = 1− ΛaMNSaMN , (4.2.1)
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where SaMN = RaMN − RaMN , which we call the level 1 generator of the Cartan sub-
algebra. From the construction of the non-linear realisation, the equations of motion are
intrinsically invariant under the rigid transformations of E11, so we must ensure that the
transformations are invariant under the local Ic(E11) transformations. If the equations of
motion are invariant under the level 0 Ic(E11) transformation, which is the SO(7) ⊗ SO(5)
transformation, this implies that the equations are invariant under Lorentz transforma-
tions. Then if the equations of motion are invariant under the level 0 Ic(E11) generator
and additionally the generators at level 1, then the equations must be invariant under
Ic(E11) at all levels, as higher levels can be constructed from multiple commutators of the
level 1 generators. So our aim is to find equations of motion which are invariant under
these level 1 transformations. We find that under this transformation, the Cartan form
transforms as
δVE = [ΛaMNSaMN ,VE ]− SaMNdΛaMN . (4.2.2)
Explicitly, we find the Cartan form transformations up to level 5 to be
δGa











δGaMN =− ΛbMNGab − 2ΛaP [NGM ]P
− εMNPQRΛbQRGbaP − dΛaMN ,
δGa1a2
M = εMNPQRΛ[a1NPGa2]QR + 12Λ
bNMGba1a2N ,
δGa1a2a3M = Λ[a1NMGa2a3]
N − 2εMPQRSΛbPQGba1a2a3RS ,
δGa1...a4



















The Cartan form will not be preserved under the transformations of equation (4.2.3), as we
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get some contributions to level -1 which is clear from equation (4.2.2); we see that SaMN
contains a level -1 generator, and VE contains a level 0 generator, and it is this commutator
which will give negative level contributions, as well as a negative level term arising from
the second term in equation (4.2.2). We choose to set the level minus one contribution to
zero in order to preserve our gauge choice and find the condition
[Λ ·R(−1),V(0)]− dΛ ·R(−1) = 0 , (4.2.4)
where the superscripts give the relevant level contribution.
We find a constraint on the parameter ΛaMN
dΛaMN = Gb
aΛbMN + 2GP
[MΛa|P |N ] , (4.2.5)





N = ΛaMN , (4.2.6)
where the c subscript represents the fact that the ΛµK̇L̇ is a constant. We plug this back
into the transformation of the level 1 Cartan form in equation (4.2.3) to get
δGaMN = −2ΛbMNG(ba) − 4ΛaP [NG(M ]P ) − εMNPQRΛbQRGbaP . (4.2.7)
We note at this point, that in the following calculations, we come across the derivative of
the parameter ΛaMN , and that using equation (4.2.6), we notice that ΛµṀṄ is independent
of the generalised space-time coordinates, and this property can be used to move ΛµṀṄ
around derivatives.
So far we have written the Cartan forms as forms and so what we actually have is
Gα = dz
ΠGΠ,α , (4.2.8)
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where the index Π represents the l1 representation, and index α is the adjoint representation
index. We notice that once the Cartan forms are written as GΠ,α, they are no longer
invariant under the rigid transformations. We can correct this by changing the first index




and the Cartan forms are inert under the rigid transformations again. We shall refer to
this first index as the l1 index. We find that the variation on the l1 tangent index is
δGa,α =− 2ΛaMNGMN,α ,
δGMN,α = Λ
aMNGa,α . (4.2.10)
We note that both the l1 index and the α index transform under Ic(E11) and so the full
transformation of the relevant Cartan form is the sum of (4.2.3) and (4.2.10).
We note that later we shall be interested in ensuring that the transformations of the Cartan
forms are antisymmetric in all Lorentz indices, including this l1 index, for the positive level
Cartan forms. We can use the transformation of the l1 index to ensure that this is the case
in the following way. Beginning at level 1, if we redefine the Cartan form to be




it then transforms as
δG[a1,a2]MN =− 2Λ





and so we have achieved our aim of keeping all the indices on the positive level Cartan
forms antisymmetric in the transformation.
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At level two, we define the form, leading to a transformation with totally antisymmetric
indices on the Cartan forms, to be
G[a1,a2a3]
M = G[a1,a2a3]
M − 4GNM,a1a2a3N , (4.2.13)
while the transformation is
δG[a1,a2a3]
M = εPQRSMΛ[a2PQGa1,a3]RS + 16Λ
bNMG[a1,ba2a3]N . (4.2.14)
At level 3, we choose













At level 4, we define
G[a1,...a5]
MN = G[a1,...a5]
MN + 4GP [N,a1...a5P
M ] , (4.2.17)




M ] − 2ΛbMNG[a1,...a5],b . (4.2.18)







PQ + . . . , (4.2.19)









MN + . . . , (4.2.20)
where the . . . represent higher level Cartan forms. We note that we have not defined new
objects at level 5 as we are only concerned with the explicit transformation into the lower
level Cartan forms in this section. We do in fact find a level 6 form in the last section, which
is a term arising from this transformation. However, we give it an arbitrary coefficient, as
the algebra is not yet confirmed at that level.
One can think about the above definitions in terms of a gauge symmetry which requires
the indices to be antisymmetric. As a result one sees that the extra coordinates beyond
those of spacetime are required to ensure gauge symmetry. In the E11 approach, we do not
require gauge symmetries - only the symmetries of the non-linear realisation, and it turns
out that the results are indeed gauge invariant.
Now we have completed the calculation of the transformations of the Cartan forms in 7D,
we can begin the derivation of the equations of motion in the 7D decomposition.
4.3 Equations of motion
We now look for the duality relations of the form fields in the seven dimensional theory. We
want the most general equations that are invariant under local Lorentz transformations.
We expect that the level 1 form is dual to the level 4 form and so we find the most general
expression to be
Da1a2MN ≡ G[a1,a2]MN + e2εa1a2
b1...b5G[b1,...b5]MN = 0 , (4.3.1)





M = 0 , (4.3.2)
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where e2 and e3 are constants. To find these constants, we transform the dualities under
the local symmetry using the transformations of the Cartan forms we derived in the last
section. We find that they transform into each other if e2 = ∓ i2 and that e3 = ±
i
3 . In the
following, we arbitrarily choose to work with the first sign, i.e. e2 = − i2 and e3 =
i
3 , but
one can easily recover the other case simply by changing the sign whenever an i appears.















where the . . . represent the terms which involve gravity and scalar Cartan forms and
their duals. The fact that, up to graviton and scalar terms, the two equations vary into
each other indicate that we have found the correct equations. We anticipate that the
remaining graviton and scalar terms are simply those of the corresponding dualities, and
we shall study these terms in detail in section 4.4. Additionally, we anticipated in the
previous section that the invariance of the duality equations required objects which are
totally antisymmetrised in their indices. We note that we could have simply made the
transformations without antisymmetrising first, and we would have found that we would
need to add terms which are equivalent to using the objects as defined in the previous
section.
We choose to work with equations that are second order in derivatives, and which contain
the level 0, 1, or 2 form fields. We begin with taking derivatives of equation (4.3.1) and
(4.3.2), such that the 3 and 4 form fields drop out, by use of the explicit forms of the
Cartan forms.
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Ṅ ] = 0 , (4.3.5)







Ṅ = 0 . (4.3.6)
We notice that the factors of the det(e)
1
2 appear due to their appearance in the inverse
vielbein, similar to the 11D case [25,34].
We want to find the equations (4.3.1) and (4.3.2) in terms of the totally antisymmetric
Cartan forms in equations (4.2.12), (4.2.14), (4.2.16), and (4.2.18), in order to apply these
transformations. Therefore, we flatten the indices corresponding to both the spacetime























R] = 0 , (4.3.7)
















N = 0 . (4.3.8)
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Our hope is that these equations will turn out to be the usual equations of motion of the
7D supergravity theory. We now vary them to show that they are invariant under Ic(E11).
First, we want to find the terms which have derivatives with respect to the level one





then we may cancel this term by adding a term of the form
−GMN,αfαMN , (4.3.10)
to the equation of motion that we are considering, using equation (4.2.10). In the following,
we will refer to these terms as l1 terms. The reason for this is that we are aiming to find
all terms in the variation that contain the usual derivatives of spacetime, and we see that
these can arise from the transformation of terms with derivatives with respect to level 1
coordinates. The other terms in the variation of the level 1 derivatives are terms with level
2 derivatives, and so are at a higher level than we are interested, due to the fact that they
do not directly transform into the usual spacetime derivatives arising at level 0.
We will give an outline of the process of the transformation of equation (4.3.7) under the
local Ic(E11) transformations. If we vary the terms in the first three lines into the terms
















2wc,ab = −Ga,(bc) +Gb,(ac) +Gc,[ab] , (4.3.12)
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which turns out to be the spin connection. We note both terms on the second line and
the last term in equation (4.3.11) will be cancelled with terms from the transformation of
last two lines in equation (4.3.7). We also notice that the 2nd and the 5th terms are terms
of the form given in equation (4.3.9), and so we can add corresponding l1 terms. We are
then left with the first term, which we can manipulate in the following way with the aim



















cν = (−Ga,(cν) +Gc,(aν) +Gν,[ac])ωµ,cν
= ων,acωµ,
cν , (4.3.14)
and the final two terms in equation (4.3.13) look like
ωµ,
ab∂λ(det(e)eb
λ) = −det(e)ωµ,abωλ,bλ . (4.3.15)




ν − ∂νωµ,abebν + ωµ,acων,cbebν − ων,acωµ,cbebν , (4.3.16)
and so what we have in equation (4.3.13) is
det(e)(Rτ
a2 − ∂τ (ων,a2b)ebν)ΛτQR , (4.3.17)
and again the 2nd term in this equation is an l1 term of the form in equation (4.3.9).
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2∂P [R|Ga,(P |Q]) −GP [R|,ddGa,(P |Q]) + 2GP [R|,N |Q]Ga,(NP )
− 2GP [R|,P NGa,(N |Q]) − 2GP [R|,daGd,(P |Q]) . (4.3.18)
We see that we have changed the notation from EaQR to EaQR. We will use this calligraphic
font to indicate equations where l1 terms are included, and use the usual font where no l1
terms are included.

























PG[c1,...c3]P ) , (4.3.20)
and E(QR) is
E(QR) ≡ Gc,ddGc,(QR) − 2Gc,dcGd,(QR)












δQRG[c1,c2c3]PG[c1,c2c3]P ) . (4.3.21)
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Since the variation vanishes, we find that Eab = 0 and E(QR) = 0 and we see that we have
found the gravity and scalar equations of motion.




































M − 4GNP ,cNMG[c,a1a2]P . (4.3.22)





















N ) . (4.3.23)
The next step is to do the transformation of the equations of motion for gravity and
scalars that we have just found. If we begin with the equation of motion for gravity in
equation (4.3.20), we must add l1 terms to ωc,ab. The reasoning behind this is similar to
the antisymmetrisation of the objects in the transformations in 4.2, and so we make the
following redefinition of the spin connection in equation (4.3.12)
det(e)
1













so that we find the transformation of this object is
δ(det(e)
1
2 Ωc,ab) =− 2ΛcMNG[a,b]MN − 2ΛbMNG[a,c]MN + 2ΛaMNG[b,c]MN










and we see that all the Cartan forms in the transformation are now antisymmetric in their
Lorentz indices, including the l1 index. We then replace ωc,ab with Ωc,ab in Rab to find
Rab ≡ eaµ∂µΩν,bdedν − eaµ∂νΩµ,bdedν + Ωa,bcΩd,cd − Ωd,bcΩa,cd . (4.3.26)
We find that the equation of motion for the graviton including l1 terms
























− 4GPN ,aMNGb,(MP ) − 4GPN ,bMNGa,(MP ) . (4.3.27)
We note that although the Rab is no longer symmetric in a and b, one can verify that Eab
is symmetric in a and b including the l1 terms as required.
The transformation of the equation of motion of the graviton is calculated to be
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In a similar process, beginning with equation (4.3.21) as the equation of motion for the
scalar, we find that the equation of motion for the scalar including l1 terms is
E(QR) ≡ Gc,ddGc,(QR) − 2Gc,dcGd,(QR)
















2GPN ,µPN )− 4GP (R|,cP |Q)Gc,dd
+ 4GMN,dMNGd,(QR) + 8GP (R|,dP |Q)Gc,d
c




µ∂µ(GN(R,cQ)N ) , (4.3.29)
and its transformation is
















Using the symmetries of the non-linear realisation, we have found a set of equations that
transform into each other. These are the equations of motion for the graviton (4.3.27), the
scalar (4.3.29), the one form (4.3.18), and the two form (4.3.22) in seven dimensions. If
we truncate the equations so that they only contain derivatives with respect to the usual
coordinates of spacetime, then these equations are those of the seven dimensional maximal
supergravity as found in [52].
We have found the equations of motion that are second order in derivatives. We now
derive the duality relations which are first order in derivatives, and in particular the duality
relations of the graviton and the scalar with level 5 fields.
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4.4 First order duality relations
In this section we will derive the duality relations which are first order in derivatives and
their variations. In addition to those we discussed in section 4.3 we will find the duality
relations that relate the graviton to the dual graviton and the scalar field to the dual scalar
field. We begin by recalling, from section 4.3, the duality relation which relates the two
form to the three form
Da1a2a3




b1...b4Gb1...b4M = 0 , (4.4.1)
and its variation was given by






We observe that it transforms into itself and the 1-form duality relation.
In section 4.3, we also transformed the duality relation which relates the one form to the
four form but we did not include the terms in the variation that contained the scalar fields,
graviton, or the fields at level five. When carrying out the variation to include the extra
terms we find that the duality relation of equation (4.3.1) becomes modified by an l1 term
following the procedure explained in the previous section. We add the l1 term to the 1-form
duality relation, such that we find




b1...b5Gb1...b5MN +GMN,[a1a2] = 0 . (4.4.3)
Carrying out the variation of this duality relation including this additional term gives the
result






+ 4iΛ[a2P [N |εa1]
b1bb2...b5Db1,bb2...b5[P |M ]] , (4.4.4)
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where





Da,(MN) ≡ 2Ga,(MN) − 4iεab1...b6Gb1,...b6(MN) . (4.4.6)
Since we require that the transformation of the 1-form duality relation is zero, we find
Db,[a1a2] = 0 , Da,(MN) = 0 . (4.4.7)
which are the the duality relation of the scalar field and the graviton respectively, and the
last term in equation (4.4.4) indicates that
D[a1,a2...a6][MN ] ≡ G[a1,a2...a6][MN ]=̇0 , (4.4.8)
where the =̇ notation, first used in [53], implies that this holds modulo some Lorentz
transformation, which is not yet well understood. In order to explore this result more,
one should study the transformation of the equation of motion, which is second order in
derivatives, of the 4-form into this 5-form, and then integrate the result to find the origin
of this result. It is important to note that there was also a similar relation found in the
5D case [25], for a higher level field that is dual to one of the scalars. This suggests that is
a phenomenon which is present throughout the lower dimensional decompositions of E11,
although the mechanism is not yet well understood.
We now transform the new duality relations we have found in equation (4.4.4) using the
variations given in (4.2.3). In a similar process to the previous transformation of the 1-form
duality relation, we must add l1 terms to the scalar duality relation, so that we actually
have
Da,(MN) ≡ 2Ga,(MN) − 4iεab1...b6Gb1,...b6(MN)
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which then transforms into
δDa,(MN) = 8ΛcPNDacPM + 8ΛcPMDacPN −
16
5
δMN ΛcPQDacPQ + . . . , (4.4.10)
where the . . . represent level 6 fields, which we have not considered. While the the gravity
duality relation including the l1 terms is














which is essentially the same process we carried out in the previous section when uplifting
the spin-connection ωb,[a1a2] to Ωb,[a1a2] in equation (4.3.24). This then transforms into












d1...d6Dd1...d6,bMN + ∂bΛ̃a1a2 + . . . , (4.4.12)
where the . . . represent some level 6 fields which we have not considered, and
Da1...a6,bMN ≡ eG[a1,...a6],bMN + εa1...a6
dG[d,b]MN = 0 , (4.4.13)
is a new duality that we have found, involving a level 6 field which we have not included
in our calculations, hence the undetermined constant e. This relation is analogous to
the duality relation connecting the Aa1a2a3 field to the Ab1...b9,a1a2a3 in 11 dimensions as






MN + . . . , (4.4.14)
is a Lorentz transformation which should be expected as we are varying a duality relation
that only holds modulo Lorentz transformations, also similar to the situation in [36,54].
One may notice an unusual factor of i that appears in the duality of the graviton and the
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five form field. This can be removed by some some simple field redefinitions. If we take the
parameter ΛaMN → iΛaMN , and change the fields with an odd number of Lorentz indices
by a factor of i, and finally by taking the derivative ∂MN → i∂MN . These redefinitions
remove the factors of i that appear throughout the duality relations.
Indeed we have found that the graviton and the scalar satisfy duality relations at first
order in derivatives with level 5 fields, as well as new dualities involving level 6 fields. This
completes the derivation of the equations of motion and the duality relations at first order




This thesis has focused on deriving new results from the perspective of E theory. We have
derived new algebras in various representations of E11. Recall that the decomposition of
the algebra, which leads to a maximal supergravity theory in D dimensions, is GL(D)
⊗ E11−D. We first computed the algebra for the 11 dimensional decomposition of E11,
which leads to a description of the 11D supergravity theory at low levels, for the adjoint
generators at levels 5 and 6. With the same methods as in the 11D case, we derived the
algebra in 7 dimensions for up to the level 5 generators in both the adjoint and fundamental
representation, before using the action of the Cartan involution on these commutators
to derive the algebra of the local Cartan involution invariant subgroup, Ic(E11), and its
coset. We finally calculated the IIB Cartan involution invariant algebra by acting on
the previously known commutators with the action of the Cartan involution, to find the
subalgebra of the adjoint and fundamental representation up to level 4, in a similar way
to the 7D derivation.
In the next section, we derived the Cartan involution invariant tangent space metric from
the vielbeins in the relevant dimension in 11, 5, and 4 dimensional decompositions of E11,
and additionally for A+++1 , which is a Lie algebra whose non-linear realisation leads to
4 dimensional gravity. These metrics were found by first constructing the relevant group
element, matter representation, and its transformation under the local subgroup. Then we
constructed a map from the highest and lowest weight representation which is invariant
under the Ic(E11) subgroup. This map was then used to derive the invariant tangent space
metrics. By using this metric and the explicit Cartan forms of the relevant theory, we
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finally derived gauge-fixing conditions which are E11 invariant for the 11D, 5D, and 4D
decompositions of E11 and for the A+++1 algebra, whose non-linear realisation leads to the
theory of 4D gravity.
In the last section of this thesis, we derived the 7 dimensional supergravity theory. We
began by calculating the Cartan forms and their transformations using the algebra found
in an earlier section, before using these results to derive equations of motion of the 7
dimensional maximal supergravity theory from E theory. The equations of motion were
those for the graviton, the scalar, the one-form, and the two-form of the theory. The
transformations of the equations of motion under the local transformations were found,
and these all transformed into each other, and hence we have found that the equations of
motion form an Ic(E11) multiplet. These equations of motion agreed with previous results
of the maximal supergravity equations of motion in 7 dimensions [52], and so strongly
suggest that E theory is a correct theory. In the final section, we completed the derivation
of the first order duality relations of the graviton and scalar with their corresponding dual
fields arising at level 5 in the 7D theory, and the transformations of these duality relations.
We found that the duality relations at first order all transform into each other (although
some modulo transformations arose), forming a multiplet, as well as finding a new duality
relation of the one form to a level six form.
Since E theory is relatively new, there are many exciting directions which new research can
take. The 10 dimensional IIB algebra [23] derived in section 2.3 of this thesis has already
been used in the derivation of dynamics of branes [39], and the topic of branes in various
dimensions could lead to some interesting results due to branes being difficult to quantise.
They have been studied in 11D, 10D IIB, 8D, and 7D [39, 40], and hence there are still
many dimensions to explore.
It was mentioned in the introduction that there are an infinite number of generators in
E11. It was found that fields where the number of indices in an antisymmetric block on
the fields are less than 10 gives rise to dual fields [55]. For fields with blocks of 10 indices
or more, it is known that some of these corresponding to gauging of the theory, however
there are still some whose purpose is unknown. Indeed, the level 5 and 6 algebra which
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has been derived could be used to derive the dynamics of these higher level fields, and then
one could examine the resulting properties of these higher level coordinates. In any case,
the study of the higher level fields could lead to new insights into the need for an infinite
dimensional algebra describing strings and branes.
Finally, in the 7 dimensional theory, it would be interesting to study the higher level fields
in detail. In particular, we hope to find the coefficient of the new duality of the 1-form
with a level 6 field in equation (4.4.13), and other other dualities at this level; studying
these higher level fields might give an indication of the nature this infinite tower of fields
in E11, similar to our proposal in the 11D case. One may also study the second order
equations of motion that contain the Cartan forms dual to the one-form and two-form,
which were removed using dualities in our studies. In particular, transforming the four-
form (which is dual to the one-form) equation of motion to find equations of motion for
the level 5 Cartan forms would give more of an insight into the condition that has been
found on the antisymmetric part of the dual scalar. In addition, it would be useful to
check the derivation of the equations of motion of the graviton and the scalar from the
dualities which are first order in derivatives, as was done for the one-form and two-form.
This derivation would involve subtleties involving the fact that some of the these relations
hold modulo certain transformations. Finally, another interesting direction would be to
determine the duality relations for the fields which result in the gauged seven dimensional
supergravity theories. In general, there are many directions left to explore in E theory,





In this section, we give the 11D algebra up to level 4, both of the adjoint representation
and the vector representation. This algebra is given up to level 3 in [19] and at level 4
in [23]. In the following, the lower case latin indices are a, b, . . . = 1, . . . , 11.
A.1 Algebra at level 0







d − δadKbc . (A.1)
A.2 Algebra at level 1
At level 1, the generator is R1a1a2a3 , and at level -1, the generator is R−1a1a2a3 . The
commutators with level ±1 are
[Kbd, R1




[Kbd, R−1a1a2a3 ] =− 3δb[a1|R−1d|a2a3] ,
[R1
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A.3 Algebra at level 2
The generator at level 2 is R2a1...a6 , and the corresponding level -2 generator is R−2a1...a6 .
The commutators with level ± 2 are
[Kbd, R2




[Kbd, R−2a1...a6 ] =− 6δb[a1|R−2d|a2...a6] ,
[R1
a1a2a3 , R1
b1b2b3 ] = 2R2
a1a2a3b1b2b3 ,
[R−1a1a2a3 , R−1b1b2b3 ] = 2R−2a1a2a3b1b2b3 ,
[R−1a1a2a3 , R2
b1...b6 ] = 60δ[b1b2b3a1a2a3 R1
b4b5b6] ,
[R1





a1...a6 , R−2b1...b6 ] = 120Dδ
a1...a6
b1...b6




A.4 Algebra at level 3
The generator at level 3 is R3a1...a8,c, and the level -3 generator is R−3a1...a8,c. Then the












b1...b6 ] = 6R3
a1a2a3[b1...b5,b6] ,







a1a2a3 , R−3b1...b8,b] =− 112δ
a1a2a3
[b1b2|b R−2|b3...b8]
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+ 112δa1a2a3[b1b2b3R−2b4...b8]b ,
[R2
































A.5 Algebra at level 4





and the level -4 generators are
R−41a1...a11,b , R−42a1...a10,(b1b2) , R−43a1...a9,b1b2b3 . (A.2)
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− 90R42[a1...a8|b(c1,c2)|a9δa10]d ,
[Kbd, R43





























The commutator of the level 2 generator with itself gives
[R2
a1...a6 , R2




The level 4 generator R41 with the negative level generators have the commutators
[R41


































a1...a11,c, R−42b1...b10,(d1d2)] = 0 ,
[R41
a1...a11,c, R−43b1...b9,d1d2d3 ] = 0 . (A.6)
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The level 4 generator R42 with the negative level generators have the commutators
[R42









a1...a10,(c1c2), R−2b1...b6 ] = 0 ,
[R42

















a1...a10,(c1c2), R−41b1...b11,d] = 0 ,
[R42




































a1...a10,(c1c2), R−43b1...b9,d1d2d3 ] = 0 . (A.7)
The commutators of the level 4 generator R43 with the negative level generators are
[R43















































a1...a9,c1c2c3 , R−41b1...b11,d] = 0 ,
[R43
a1...a9,c1c2c3 , R−42b1...b10,(d1d2)] = 0 ,
[R43



























































The negative level commutators resulting in the level -4 generators are












[R−2a1...a6 , R−2b1...b6 ] = 4R−41a1...a6[b1...b5,b6]
+ 5R−43a1...a6[b1b2b3,b4b5b6] , (A.9)
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The level -4 generator R−41 with the positive level generators have the commutators






















The commutators of the level -4 generator R−42 with the positive level generators are



































Finally, the commutators of the level -4 generator R−43 with the positive level generators
are




























































This completes the algebra of the adjoint representation up to level 4. We now give the
algebra of the l1 generators up to level 4.
A.6 l1 algebra
In this section, we give the commutators with the l1 generators. The generators of the l1
representation up to level 4 are
Pc ; Z
c1c2 ; Zc1...c5 ; Zc1...c8 , Zc1...c7,d ; Zc1...c8,d1d2d3 ,
Zc1...c9,(d1d2) , Zc1...c9,d1d2 , Zc1...c10,d(1) , Z
c1...c10,d
(2) , Z
c1...c11 ; . . . . (A.1)
We begin with the commutators of the level 0 generator of E11 with l1


















































































































Now we move onto the level 1 generator with l1
[R1





a1a2a3 , Zb1b2 ] = Za1a2a3b1b2 ,
[R1
a1a2a3 , Zb1...b5 ] = Zb1...b5a1a2a3 + Zb1...b5[a1a2,a3] ,
[R1






Za1a2a3[b1...b6,b7b8] − Za1a2a3[b1...b7,b8](2) ,
[R1













Zc[b1...b6|[a1a2,a3]|b7] + Za1a2a3c[b1...b5,b6b7] . (A.3)
The level 2 generator with l1 gives the following commutators
[R2
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We can now write the commutators of the negative levels with the l1 generators. We begin
writing those with level -1
[R−1a1a2a3 , Z





b1...b5 ] = 60Z [b1b2δb3b4b5]a1a2a3 ,
[R−1a1a2a3 , Z











b1...b8,c1c2c3 ] =− 945Zb1...b8δc1c2c3a1a2a3
− 2835Z [b1...b7|[c1δc2c3]|b8]a1a2a3
− 2835Z [b1...b6|[c1c2δc3]|b7b8]a1a2a3












































+ 700Z [b1...b6|c|,b7δb8b9b10]a1a2a3 ,
[R−1a1a2a3 , Z
b1...b11 ] = 120Z [b1...b8δb9b10b11]a1a2a3 . (A.7)
The commutators of level -2 with the l1 generators are
[R−2a1...a6 , Z





b1...b8 ] = 2520Z [b1b2δb3...b8]a1...a6 ,
[R−2a1...a6 , Z
b1...b7,c] = 5670Z [b1b2δb3...b7]ca1...a6 − 5670Z
[b1|c|δb2...b7]a1...a6 ,
[R−2a1...a6 , Z
b1...b8,c1c2c3 ] = 567000(Z [b1...b5δb6b7b8]c1c2c3a1...a6 − 3Z
[b1...b4|[c1δc2c3]|b5...b8]a1...a6
+ 3Z [b1b2b3|[c1c2δc3]|b4...b8]a1...a6
− Z [b1b2|c1c2c3δ|b3...b8]a1...a6 ) ,
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[R−2a1...a6 , Z
b1...b9,(d1d2)] = 0 ,
[R−2a1...a6 , Z
b1...b9,c1c2 ] =− 158760Z [b1...b5δb6...b9]c1c2a1...a6 − 317520Z
[b1...b4|[c1δc2]|b5...b9]a1...a6




















b1...b11 ] = 5040Z [b1...b5δb6...b11]a1...a6 . (A.8)
Next, we write the commutators of level -3 with the l1 generators
[R−3a1...a8,b, Z
































































(2) ] = 873600Z
[c1c2δc3...c10]a1...a8 δ
d








c1...c11 ] = 0 . (A.9)
Finally, we give the commutators of the level -4 generators with the l1 generators
[R−41a1...a11,b, Z
c1...c8,d1d2d3 ] = 0 ,
[R−41a1...a11,b, Z
c1...c8,(d1d2)] = 0 ,
[R−41a1...a11,b, Z
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[R−41a1...a11,b, Z



























































c1...c11 ] = 0 ,
[R−43a1...a9,b1b2b3 , Z




















c1...c9,(d1d2)] = 0 ,
[R−43a1...a9,b1b2b3 , Z
























(1) ] = 0 ,
[R−43a1...a9,b1b2b3 , Z
c1...c10,d
(2) ] = 0 ,
[R−43a1...a9,b1b2b3 , Z
c1...c11 ] = 0 . (A.10)
This completes the 11D algebra up to level 4.
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Appendix B
Algebra of 10D IIB theory
In this appendix, we give the commutators of the E11 n l1 algebra decomposed into the
10D IIB representation which is GL(10) ⊗ SL(2) up to level 4. The SL(10) indices are
a, b, . . . = 1, . . . 10, and the SL(2) indices are α, β, . . . = 1, 2. The algebra is given originally
in [26,51,56].
B.1 Algebra of the adjoint representation
At level 0, we have the GL(10) generator, which have the following commutators with the







b − δadKcb ,
[Kab, Rαβ] = 0 ,
[Kab, R
a1a2






























and with the negative level generators are
[Kab, R
α
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[Kab, Ra1...a4 ] =− 4δa[a1R|b|a2a3a4] ,
[Kab, R
α










[Kab, Ra1...a7,c] =− 7δa[a1R|b|a2...a7],c − δ
a
cRa1...a7,b . (B.2)
The commutators of the SL(2, R) generator with the positive level generators are













a1...a4 ] = 0 ,
[Rαβ, R
a1...a6

















a1...a7,b] = 0 , (B.3)
and with the negative level generators are
[Rαβ, R
γ





[Rαβ, Ra1...a4 ] = 0 ,
[Rαβ, R
γ
















[Rαβ, Ra1...a7,b] = 0 . (B.4)
The commutators of the positive level E11 generators with themselves are
[Ra1a2α , R
a3a4
β ] =− εαβR
a1...a4 ,
[Ra1a2α , R
a3...a6 ] = 4Ra1...a6α ,
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Then the commutators of the negative level E11 generators are
[Rαa1a2 , R
β
a3a4 ] =− ε
αβRa1...a4 ,

































Kdd − 2δa1a2b1b2 ε
βγRαγ ,





b1...b4 ] =− 12εαβδ[b1b2a1a2R
b3b4]
β ,

















































Kdd − 45δa1...a6b1...b6 ε
βγRαγ . (B.7)
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The commutators of the level ±2 with level ±4 generators are
[Ra1...a4 , Rαβb1...b8 ] = 0 ,
[Ra1...a4 , R
b1...b8
αβ ] = 0 ,






























































[Ra1...a8αβ , Rb1...b7,b] = 0 ,
[Rαβa1...a8 , R
b1...b7,b] = 0 ,
































This completes the algebra of the adjoint representation of E11 in the 10D IIB decompo-
sition. Now we give its algebra with the l1 representation.
Appendix B. Algebra of 10D IIB theory 162
B.2 Algebra with the l1 representation
Next we give the commutators of the E11 generators with the l1 generators in the 10D IIB
decomposition up to level 4. The commutators of the GL(10) E11 generator with the l1
generators are




































































and the commutators of the l1 representation with the SL(2, R) generator are
[Rαβ, Pa] = 0 ,
[Rαβ, Z
a






a1a2a3 ] = 0 ,
[Rαβ, Z
a1...a5

















a1...a7 ] = 0 ,
[Rαβ, Z
a1...a6,b] = 0 . (B.2)
The commutators of the l1 representation with the level 1 E11 generators are







β ] =− εαβZ
a1a2a3 ,
[Ra1a2α , Z
a3a4a5 ] = Za1...a5α ,
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[Ra1a2α , Z
a3...a7
β ] = Z
a1...a7
αβ − εαβZ
a1...a7 − εαβZa1a2[a3...a6,a7] . (B.3)
The commutators of the remaining positive level E11 generators with the l1 generators are




[Ra1...a4 , Za5α ] =− Za1...a5α ,


































The commutators of level -1 E11 generator with the l1 generators are
[Rαa1a2 , Z
b
β] =− 4δαβ δb[a1Pa2] ,
[Rαa1a2 , Z































The commutators of level -2 generators with the l1 generators are
[Ra1...a4 , Z
b1b2b3 ] = 48δb1b2b3[a1a2a3Pa4] ,
[Ra1...a4 , Z
b1...b5







α1α2 ] = 0 ,
[Ra1...a4 , Z
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The commutators of the level -3 E11 generator with the l1 generators are
[Rαa1...a6 , Z
b1...b5


































b1...b7 ] = 0 ,
[Rα1α2a1...a8 , Z
b1...b6,b] = 0 ,
[Ra1...a7,a, Z
b1...b7
α1α2 ] = 0 ,
[Ra1...a7,a, Z
















The E11 algebra in its five dimensional decomposition can be found in [51]. In this ap-
pendix, we give the commutators of the E11 generators with the l1 generators of the
5 dimensional decomposition of E11 which is GL(5) ⊗ USp(8). The SL(5) indices are
a, b, . . . = 1, . . . , 5, and the USp(8) indices are α, β, . . . = 1, . . . , 8. The commutators of l1
generators with level 0 E11 generators are

















[R(α1α1), Pa] = 0 ,
[R(α1α2), Zβ1β2 ] = 2Ω(α1[β1Zα2)β2] ,
[R(α1α2), Zaβ1β2 ] = 2Ω(α1[β1Zaα2)β2] ,
[Rα1...α4 , Pa] = 0 ,
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The commutators with the positive level generators are




[Ra1a2α1α2 , Pa] =− 2δ[a1b Z
a2]α1α2 ,





and with the negative level generators are
[Raα1α2 , Pb] = 0 ,
[Raα1α2 , Z





[Raα1α2 , Pb] = 0 ,
[Raα1α2 , Z



























We give the commutators of the E11n l1 algebra decomposed into representations of GL(4)
⊗ SL(8) first given in [35, 57]. The SL(4) indices are a, b, . . . = 1, . . . , 4, and the SL(8)
indices I, J, . . . = 1, . . . 8. The commutators of the level zero E11 generators with the l1
generators are





















[RIJ , Pc] = 0 ,
[RIJ , Z







[RIJ , Pc] = 0 ,





a] = 0 ,
[RI1...I4 , Pa] = 0 ,








[RI1...I4 , Za] = 0 . (D.1)
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The commutators of the positive level E11 generators with the l1 generators are








J1J2 ] = δJ1J2I1I2 Z
a ,




The commutators with the negative level generators are
[R̃aI1I2 , Pb] = 0 ,
[R̃aI1I2 , Z
J1J2 ] = 2δI1I2J1J2Pa ,
[R̃aI1I2 , ZJ1J2 ] = 0 ,
[R̃a
I1I2 , Pb] = 0 ,
[R̃a
I1I2 , ZJ1J2 ] = 0 ,
[R̃a





b] =− 2δbaZI1I2 ,
[R̃a
I1I2 , Zb] =− 2δbaZI1I2 . (D.3)




The algebra of A+++1 was first given in [51]. We give the commutators we require below.
We decompose A+++1 in terms of GL(4), and the GL(4) indices are a, b, . . . = 1, . . . , 4.
The commutators of the level zero generators of GL(4) with the l1 algebra are





























The commutators with the positive level generators are




[Rab, Zc] = Zabc + Zc(a,b) ,










The commutators with the negative level generators are
[Rab, Pc] = 0 ,
[Rab, Z

















This completes the algebra of A+++1 that we require.
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